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Abstract. The Szymczak functor is a tool used to construct the Conley
index for dynamical systems with discrete time. We present an algorith-
mizable classification of isomorphism classes in the Szymczak category
over the category of finite sets with arbitrary relations as morphisms.
The research is the first step towards the construction of Conley theory
for relations.

1. Introduction

In the 1970s Charles Conley proposed a homotopical invariant in dynam-
ics [3], called after him the Conley index, which proved to be a very useful
tool in the qualitative study of flows. The construction of the Conley index
for flows is based on homotopies along the trajectories of the flow. This is an
obstacle in the case of dynamical systems with discrete time, because in this
case such homotopies do not make sense. As a remedy several constructions
based on shape theory and algebra were proposed [17, 13, 15] but it was
A. Szymczak who indicated [19] that all these constructions are functorial
and are a special case of a certain universal functor associated with an ar-
bitrary category E . To recall the functor consider the category Endo(E) of
endomorphisms of E whose objects are pairs (E, e) with e : E → E an endo-
morphism in E and whose morphisms are morphisms in E commuting with
the endomorphism. Szymczak constructs a category Szym(E) and a functor
Szym : Endo(E) → Szym(E). The feature of the Szymczak functor crucial
in the construction of the Conley index is that it assigns isomorphic ob-
jects in Szym(E) to objects (A, a), (B, b) in Endo(E) related by morphisms
ϕ : (A, a) → (B, b) and ψ : (B, b) → (A, a) such that b = ϕψ, a = ψϕ.
Note that the Szymczak functor may be viewed as a functorial emanation
of the concept of shift equivalence [21], another general concept used in the
construction of the Conley index [6]. Also, the Szymczak category can be
interpreted as a localization of the Endo(E) category with respect to the
class of morphisms a ∈ Endo(E)((A, a), (A, a)) [7]. The Szymczak functor
is universal in the sense that any other functor with this feature factorizes
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through Szym. The universality of the Szymczak functor shows its general-
ity but is also responsible for its computational weakness, because there is
no general method to tell whether two objects in Szym(E) are isomorphic
or not. In fact, it is even not clear when Szym(E) is not trivial, that is
whether Szym(E) contains non-isomorphic objects if E does. For this rea-
son, in concrete problems some less general but easier to compute functors
are used, for instance the Leray functor [17, 13, 15]. In rigorous algorithmic
computations of the Conley index [20, 16] there is an additional challenge.
Such computations, based on interval arithmetic [14], lead to multivalued
dynamical systems and, in consequence, to categories whose morphisms are
not maps but relations. Multivalued maps appear also in sampled dynam-
ical systems constructed directly from data and acting on finite topological
spaces [4, 5, 2]. So far, the only method to deal with multivalued maps in the
context of the Szymczak functor is to assume that they have acyclic values,
because such maps induce single valued maps in homology. Acyclity may be
achieved by enlarging the values at the expense of possible overestimation
resulting in no interesting outcome. However, the Szymczak category and
the Szymczak functor are well defined for any category E , in particular for
the category whose morphisms are relations. Algorithmizable classification
of isomorphism classes in Szymczak categories of relations could bring an-
other method to study multivalued dynamical systems. In this paper we
make a first step in this direction by providing such a method for the cat-
egory of relations on finite sets. The method, in particular, indicates that
the Szymczak category for relations on finite sets is not trivial. Moreover,
as we indicate in the last section, the proposed method proves non-triviality
of Szymczak category for finite-dimensional vector spaces over a finite field
with linear relations as morphisms.

2. Main results

Consider the category FRel (see Section 6) consisting of finite sets as
objects and binary relations as morphisms (arrows). We interpret an object
(X,R) in Endo(FRel) as a directed graph with X as the set of vertices and
R as the set of edges. We say that (X,R) is canonical (see Subsection 6.1
for the precise definition) if each vertex in X belongs to a closed path, for
each strongly connected component U ⊂ X the restriction RU := R∩U ×U
is a bijection RU : U → U and R has periodic powers, that is there exists a
p ≥ 1 such that Rp+1 = R.

The following two theorems constitute the main theoretical results of the
paper. We prove them in Section 6.

Theorem 2.1 (see Theorem 6.27). Every object in Endo(FRel) is isomor-
phic in Szym(FRel) to a canonical object.

Theorem 2.2 (see Theorem 6.36). Two canonical objects are isomorphic
in Szym(FRel) if and only if they are isomorphic in Endo(FRel).
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cardX No. of objects No. of Szym classes
≤ 1 2 2
≤ 2 16 5
≤ 3 512 14
≤ 4 65536 48
≤ 5 33554432 192

Table 1. Number of different objects and different isomor-
phism classes in Szym(FRel) for sets of cardinality not ex-
ceeding n = 1, 2, 3, 4, 5.

Figure 1. Canonical objects in Szym(FRel) of cardinality
zero (empty relation), one and two.

Theorem 2.1 shows that each isomorphism class in Szym(FRel) admits
a canonical representant. Since the proof is constructive, the represen-
tant may be computed algorithmically. Thus, the classification problem in
Szym(FRel) is reduced to the classical classification of graphs. This lets us
compute canonical representants of isomorphism classes in Szym(FRel) for
sets of cardinality not exceeding five. The number of different isomorphism
classes is presented in Table 2. The four canonical objects of cardinality zero
one and two are presented in Figure 1. The canonical objects of cardinality
three are presented in Figures 2 and 3.

One can interpret relations on finite sets as Boolean matrices. Then
(X,R) and (Y, S) are isomorphic in Szym(FRel) if and only if R and S
are shift equivalent as Boolean matrices. With some work, one can show
that the linear algebraic result Proposition 3.5 from [11] (proven in [10]) is
equivalent to part of Theorem 2.1 on canonical objects (the fact that any
relation is isomorphic to a canonical form, though not the interpretation of
that form). The application in [10, 11] is to the classification of shifts of
finite type, so there may be applications of Theorem 2.1 in that setting as
well.

3. Preliminaries

We denote by N0 (N, for short) and N1 the set of natural numbers re-
spectively including and excluding zero. We recall that a binary relation in
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Figure 2. Canonical objects in Szym(FRel) of cardinality
three with three strongly connected components.

Figure 3. Canonical objects in Szym(FRel) of cardinality
three with less than three strongly connected components.

X ×Y , or briefly a relation, is a subset R ⊂ X ×Y . For a relation R we use
the classical notation xRy to denote (x, y) ∈ R. If X ′ ⊂ X and Y ′ ⊂ Y , we
call the relation R|X′×Y ′ := R ∩ X ′ × Y ′ the restriction of R to X ′ × Y ′. If
X = Y we say that R is a relation in X. If A ⊂ X, by the restriction of R
to A we mean the restriction of R to A× A. We denote this restriction by
R|A := R ∩ A×A.

The inverse relation of R is

R−1 := { (y, x) ∈ Y ×X | xRy }.
Given another relation S ⊂ Y ×Z we define the composition of S with R as
the relation

S ◦R := { (x, z) ∈ X × Z | xRy and yRz for some y ∈ Y }.
The following proposition follows immediately from the definition of com-

position of relations.

Proposition 3.1. If S ⊂ R ⊂ X × X ′ and S′ ⊂ R′ ⊂ X ′ × X ′′, then
S′ ◦ S ⊂ R′ ◦R.

The domain of R is

domR := {x ∈ X | xRy for some y ∈ X }
and the image of R is

imR := { y ∈ Y | xRy for some x ∈ X }.
The following proposition is straightforward.

Proposition 3.2. Let R ⊂ X × Y and S ⊂ Y × Z be relations. Then

domS ◦R ⊂ domR and imS ◦R ⊂ imS.
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�

The identity relation on X is

idX = { (x, x) ∈ X ×X | x ∈ X }.
For n ∈ Z the nth power of a relation R in X is given recursively by

Rn :=


idX for n = 0,

R ◦Rn−1 for n > 0,

R−1 ◦Rn+1 for n < 0.

For A ⊂ X we define the image of A in R as

R(A) := { y ∈ Y | xRy for some x ∈ A }.
In case A is a singleton we simplify notation and write R(x) meaning R({x}).
In particular xRy if and only if y ∈ R(x).

With every relation R ⊂ X × Y we can associate the map

X 3 x 7→ R(x) ∈ 2X .

We prefer to think of the value R(x) not as an element of the space of subsets
2X but as a subset of X, i.e. we consider R as a partial multivalued map

X ⊃ domR 3 x 7→ R(x) ⊂ X.
The change of terminology serves to emphasize that we want to think of R as
a map which may have many values. In particular, in the sequel we will write
y ∈ R(x) instead of xRy to emphasize the multivalued map interpretation
of the relation R. Note that the value R(x) may be empty. This happens
when x 6∈ domR. We say that a relation R is a multivalued map and we
write R : X ( Y if domR = X. If R(x) is a singleton for every x ∈ domR
we identify R(x) with its unique value and we say that the relation R is a
partial map and we write R : X 9 Y . We say that a partial map R ⊂ X×Y
is a map and we write R : X → Y if additionally domR = X.

We say that a relation R ⊂ X × Y is injective if R(x1) ∩ R(x2) 6= ∅
implies x1 = x2 for any x1, x2 ∈ domR. We say that a relation R ⊂ X × Y
is surjective if imR = Y . We say that g ⊂ X×Y is a bijection or a bijective
map if it is an injective and surjective map. Note that a relation which is
both injective and surjective need not be a bijection or even a map. But,
we have the following proposition.

Proposition 3.3. Let R ⊂ X × Y be a relation and let S ⊂ Y × Z be a
multivalued map, that is domS = Y . If S ◦ R ⊂ X × Z is a bijective map
then S is a surjective multivalued map and R is an injective multivalued
map.

Proof: Let g := S ◦ R. Since g is a bijection, we have im g = Z and
dom g = X. It follows from Proposition 3.2 that Z = im g = imS ◦ R ⊂
imS. Hence, imS = Z which means that S is a surjection. Similarly,
X = dom g = domS◦R ⊂ domR. Hence, domR = X which means thatR is
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a multivalued map. To see thatR is injective assume thatR(x1)∩R(x2) 6= ∅.
Let y ∈ R(x1) ∩ R(x2). Since domS = Y , we can find a z ∈ Z such that
ySz. It follows that x1 S ◦Rz and x2 S ◦Rz. Since g = S ◦R is a bijection
we obtain x1 = x2. �

By a directed graph (or just a digraph) we mean a pair G := (V,E) con-
sisting of the finite set of vertices V and the set of edges E ⊂ V × V . We
allow a digraph to contain loops, that is edges in the form of (v, v), where
v ∈ V . A walk in G is a sequence x = x1x2 . . . xk such that xi ∈ V for
i = 1, . . . , k and (xi, xi+1) ∈ E for i = 1, . . . , k − 1. We then say that x is
a walk from x1 to xk or just an (x1, xk)-walk. The length of walk x is the
number of edges (xi, xi+1), that is k−1. We denote it by #x. We say that a
vertex xi lies on a walk x if it is contained in the sequence that constitutes
the walk x. If the vertices of the walk x are different, then we call x a path
(or a path from x1 to xk). A walk x = x1 . . . xk of length greater or equal to
1 is a cycle if x1 = xk. A concatenation of a walk x = x1 . . . xk with a walk
y = y1 . . . yn is a walk xy := x1 . . . xky2 . . . yn provided xk = y1.

A digraph G = (V,E) is strongly connected if for each v, u ∈ V there exist
a (v, u)-walk and a (u, v)-walk and both walks have length greater than 0.
For any digraph G = (V,E) a set U ⊂ V is called a strongly connected
component of G if the digraph G(U) := (U, {(v, u) ∈ E | v, u ∈ U}) is
strongly connected and there is no otherW such that U ⊂W ⊂ V andG(W )
is strongly connected. In this paper we do not use any other connectivity of
digraphs. Therefore, we often use a brief form connected meaning strongly
connected.

Each relation R ⊂ X×X may be considered as the directed graph (X,R).
Similarly, any directed graph G = (V,E) may be considered as the binary
relation E ⊂ V ×V . This observation lets us use the notions of digraph and
relation interchangeably throughout the paper, choosing the one that better
fits to the presented content and applying digraph terminology to relations
and vice versa.

Notice that the existence of a (c1, cp)-walk of length p− 1 in the digraph
(X,R) is equivalent to the fact cp ∈ Rp−1(c1). In particular, if (c1, cp)-walk
is a cycle, then the existence of a cycle is equivalent to ci ∈ Rp−1(ci) for
each i = 1, . . . , p.

4. Szymczak functor

4.1. Categories. Let E be a category. Recall that a morphism ϕ : E → E′

is an isomorphism in E if there exists a morphism ψ : E′ → E such that
ψ ◦ϕ = idE and ϕ◦ψ = idE′ . Then also ψ is an isomorphism. It is uniquely
determined by ϕ and called the inverse morphism of ϕ. We denote it ϕ−1.
We recall that an endomorphism in E is a morphism of the form e : E → E,
that is a morphism whose source object is the same as the target object. An
automorphism is an endomorphism which is also an isomorphism.
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Let E and F be two objects of E and let e : E → E, f : F → F
be morphisms in E . We say that e and f are conjugate if there exists an
isomorphism ϕ : E → F such that ϕ ◦ e = f ◦ ϕ.

Proposition 4.1. Assume the diagram

E E

F F
?

ϕ

-µ

?

ϕ

-ν
�
�
���ψ

of morphisms in E is commutative. If µ and ν are isomorphisms, then so
are ϕ and µ. In particular, the isomorphisms µ and ν are conjugate.

Proof: Set ϕ′ := ϕ ◦ µ−1. Then ψ ◦ ϕ′ = idE . From ν ◦ ϕ = ϕ ◦ µ we get
ϕ◦µ−1 = ν−1◦ϕ. Therefore, ϕ′◦ψ = ϕ◦µ−1◦ψ = ν−1◦ϕ◦ψ = ν−1◦ν = idF .
This proves that ψ is an isomorphism. It follows that ϕ = ψ−1 ◦ µ is an
isomorphism as a composition of isomorphisms. �

4.2. Category of endomorphisms. We define the category of endomor-
phisms of E , denoted by Endo(E), as follows: the objects of Endo(E) are
pairs (E, e), where E ∈ E and e ∈ E(E,E) is an endomorphism of E. The
set of morphisms from (E, e) ∈ Endo(E) to (F, f) ∈ Endo(E) is the subset
of E(E,F ) consisting of exactly those morphisms ϕ ∈ E(E,F ) for which
fϕ = ϕe. We write ϕ : (E, e)→ (F, f) to denote that ϕ is a morphism from
(E, e) to (F, f) in Endo(E). Note that in particular e : (E, e) → (E, e) is e
morphism in Endo(E).

Let C be another category and let L : Endo(E) → C be a functor. We
say that L is normal if L(e) is an isomorphism in C for any endomorphism
e : E → E in E . We have the following theorem.

Theorem 4.2. Assume L : Endo(E) → C is a normal functor and ϕ :
(E, e) → (F, f), ψ : (F, f) → (E, e) are such that e = ϕψ, f = ψϕ. Then
we have the commutative diagram

L(E, e) L(E, e)

L(F, f) L(F, f)
?

L(ϕ)

-
L(e)

?
L(ϕ)

-
L(f)

�
�
�
��3L(ψ)

in C, in which all morphisms are isomorphisms.

Proof: The theorem is an immediate consequence of Proposition 4.1. �

4.3. Szymczak category. With every category E one can associate its
Szymczak category Szym(E) defined as follows. The objects of Szym(E)
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are the objects of Endo(E). Given objects (E, e) and (E′, e′) in Szym(E) we
consider the equivalence relation in Endo(E)((E, e), (E′, e′))× N defined by

(ϕ,m) ≡ (ϕ′,m′)

for (ϕ,m), (ϕ′,m′) ∈ Endo(E)((E, e), (E′, e′))× N if and only if there exists
a k ∈ N such that

(1) ϕ ◦ em′+k = ϕ′ ◦ em+k.

We define the set of morphisms Szym(E)((E, e), (E′, e′)) as the collection of
equivalence classes of the relation ≡. Given morphisms [ϕ,m] : (E, e) →
(E′, e′) and [ϕ,m′] : (E′, e′)→ (E′′, e′′) we define their composition by

[ϕ′,m′] ◦ [ϕ,m] := [ϕ′ ◦ ϕ,m+m′]

One easily verifies that the composition is well defined and [idE , 0] is the
identity morphism on (E, e). Thus, Szym(E) is indeed a category.

There is a functor Szym : Endo(E) → Szym(E) which fixes objects and
sends a morphism ϕ : (E, e) → (F, f) to the equivalence class [ϕ, 0]. In
general, it may happen that Szym(ϕ) = Szym(ϕ′) even if ϕ 6= ϕ′. Nev-
ertheless it is convenient to write just ϕ to denote Szym(ϕ) whenever it is
clear from the context in which category we work. One easily verifies that
every morphism e : (E, e)→ (E, e) in Szym(E) has an inverse given by

ē := [idE , 1].

Indeed, we have

e ◦ ē = [e, 0] ◦ [idE , 1] = [e, 1] = [idE , 0] = id(E,e)

which shows that ē is an inverse of e. We can also write the abstract mor-
phism [ϕ, n] in terms of ē as

(2) [ϕ, n] = [ϕ, 0] ◦ [idE , 1]n = ϕ ◦ ēn.

Thus, Szym(e) is invertible in Szym(E). Therefore, Szym is a normal
functor. Actually, this is the most general normal functor in the following
sense.

Theorem 4.3. [19, Theorem 6.1] For every normal functor L : Endo(E)→
C there exists a unique functor L′ : Szym(E)→ C such that the diagram

Endo(E) C

Szym(E)
?

Szym

-L

�
�
�
���

L′

commutes.
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The construction of the Szymczak category and the Szymczak functor is
due to Szymczak [19].

We say that two objects (E, e) and (E′, e′) of Endo(E) are conjugate if e
and e′ are conjugate in E .

Proposition 4.4. Assume (E, e) and (E′, e′) are conjugate objects of Endo(E).
Then (E, e) and (E′, e′) are isomorphic in Szym(E).

Proof: Let ϕ : E → E′ be an isomorphism in E such that ϕ ◦ e = e′ ◦ ϕ
and let ψ := ϕ−1. Then [ψ, 0] ◦ [ϕ, 0] = [idE , 0] and [ϕ, 0] ◦ [ψ, 0] = [idE′ , 0],
which proves that (E, e) and (E′, e′) are isomorphic in Szym(E). �

It is not difficult to give examples showing that the converse of Proposi-
tion 4.4 is not true. However, it is true in the category Auto(E) defined as
the full subcategory of Endo(E) whose objects are objects (E, e) of Endo(E)
such that e is an isomorphism in E . Indeed, we have the following proposi-
tion.

Proposition 4.5. Assume (E, e) and (E′, e′) are objects in Auto(E). If
Szym(E, e) ∼= Szym(E′, e′), then (E, e) and (E′, e′) are conjugate.

Proof: Since Szym(E, e) ∼= Szym(E′, e′), we may find morphisms ϕ :
(E, e)→ (E′, e′) and ψ : (E′, e′)→ (E, e) as well as constants n, n′ ∈ N0 such
that [ϕ, n] ◦ [ψ, n′] = [idE , 0] and [ψ, n′] ◦ [ϕ, n] = [idE′ , 0]. This means that

there exist k, k′ ∈ N0 such that ψ◦ϕ◦ek = ek+n+n′ and ϕ◦ψ◦e′k′ = e′k
′+n+n′ .

Since e and e′ are isomorphisms, the equalities may be reduced to ψ ◦ ϕ =
en+n′ and ϕ◦ψ = e′n+n′ . Since both en+n′ and e′n+n′ are isomorphisms, the
conclusion follows now immediately from Proposition 4.1. �

The Szymczak category can be seen as a localization of the Endo(E)
category with respect to the class of morphisms e ∈ Endo(E)((E, e), (E, e))
(see [7]).

The Szymczak category and the Szymczak functor are very general con-
cepts, defined for any category. However, in practical terms it is not obvious
how to compute the Szymczak category and Szymczak functor for concrete
categories. In the next section we do it for the category of finite sets.

5. Szymczak functor in FSet

Let FSet denote the category of finite sets with maps as morphisms.
Given an object (X, f) in Endo(FSet) we say that an x ∈ X is a periodic
point of f if there exists a k ∈ N1 such that fn(k) = x. We then say that k
is a period of x and x is k-periodic. We denote the set of periodic points of
f by Per f and the set of k-periodic points of f by Perk f .

Let (X, f) be a fixed object of Endo(FSet).

Proposition 5.1. The map

f|Per f : Per f 3 x 7→ f(x) ∈ Per f

is a well defined bijection.
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Proof: Obviously, if x is k-periodic than so is f(x). Therefore, the map is
well defined. Assume x ∈ Per f and let k be a period of x. Then fk−1(x) ∈
Per f and x = f(fk−1(x)), which proves that f is a surjection. To see
that f is an injection take x1, x2 ∈ Per f such that f(x1) = f(x2). Let
ki be a period of xi for i = 1, 2 and let k := k1k2. Then x1 = fk(x1) =
fk−1(f(x1)) = fk−1(f(x2)) = fk(x2) = x2. �

Consider the relation ∼f in X defined by

(3) x ∼f y if and only if ∃n ∈ N0 : fn(x) = fn(y).

One easily verifies that ∼f is an equivalence relation in X. Denote by [x]f
the equivalence class of x in ∼f .

By a periodic exponent of f we mean any multiplicity of minimal periods
of all points in Per f which is not less than the cardinality of X.

Theorem 5.2. Let n be a periodic exponent of f . Then [x]f ∩ Per f =
{fn(x)} for every x ∈ X.

Proof: Denote by g := f−1
|Per f : Per f → Per f the inverse of f|Per f in

Per f . The inverse exists by Proposition 5.1. Fix an x ∈ X.
Since X is finite, there exist a k ∈ N1 and an m ∈ N0 such that fk+m(x) =

fm(x). It follows that the set

Jx := { i ∈ N0 | f i(x) ∈ Per f }

is non-empty. Let kx := minJx and let ux := gkx(fkx(x)). Obviously ux ∈
Per f . Since fkx(ux) = fkx(gkx(fkx(x))) = fkx(x), we see that ux ∈ [x]f .
Therefore ux ∈ [x]f ∩ Per f . We will prove that

(4) ux = fn(x).

Since n is a multiple of the minimal period of ux, we have fn(ux) = ux.
Note that n ≥ kx. Therefore,

ux = fn(ux) = fn(gkx(fkx(x))) = fn−kx(fkx(gkx(fkx(x)))) =

= fn−kx(fkx(x)) = fn(x),

which proves (4). It follows that {fn(x)} ⊂ [x]f ∩ Per f . To prove that
the two sets are actually equal, it suffices to show that [x]f ∩Per f contains
at most one point. For this end assume that x1, x2 ∈ [x]f ∩ Per f . Then
there exist n1, n2 ∈ N0 such that fn1(x1) = fn1(x) and fn2(x2) = fn2(x).
Since x1, x2 ∈ Per f , there exist k1, k2 ∈ N1 such that fk1(x1) = x1 and
fk2(x2) = x2. Choose a p ∈ N1 such that m := pk1k2 ≥ max(n1, n2). It
follows that

x1 = fm(x1) = fm(x) = fm(x2) = x2.

�

Corollary 5.3. Let n be the minimal periodic exponent of f . Then fm(X) =
Per f for m ≥ n.
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Proof: It follows from Theorem 5.2 that fn(X) ⊂ Per f . Therefore,
fm(X) ⊂ fn(X) ⊂ Per f for m ≥ n. The opposite inculsion is obvious,
becasue a periodic point of f is in the image of fm for every m ∈ N0. �

Corollary 5.4. Let n1 and n2 be periodic exponents of f . Then fn1 = fn2.

Proof: Without loss of generality we may assume that n1 is the mini-
mal periodic exponent of f . Let k := n2 − n1 and let x ∈ X. It follows
from Corollary 5.3 that fn1(x) ∈ Per f . Since k, as a difference of periodic
exponents, is a multiple of minimal periods of all points in Per f , we get
fn2(x) = fk(fn1(x)) = fn1(x). �

We refer to the common value of fn with n being a periodic exponent of
f as the universal power of f . We denote it f̂ . Note that by Corollary 5.3
we can consider f̂ as a map f̂ : X → Perf .

Proposition 5.5. For every x ∈ Per f we have f̂−1(x) = [x]f . In particular,
the map

f̂ : X 3 x 7→ f̂(x) ∈ Per f

is a well defined surjection.

Proof: Let x′ ∈ [x]f . Then fk(x) = fk(x′) for some k ∈ N0. Let n
be a periodic exponent of f which is greater then k. Then x = fn(x) =

fn(x′) = f̂(x′) and x′ ∈ f̂−1(x). This proves that [x]f ⊂ f̂−1(x). To prove

the opposite inclusion take an x′ ∈ f̂−1(x). Then f̂(x′) = x. Let n be a

periodic exponent of f . It follows that fn(x′) = f̂(x′) = x = fn(x). In
consequence, x′ ∈ [x]f . �

Proposition 5.6. Assume (X, f) is an object of Endo(FSet). Let ι :
Per f → X denote the inclusion map and let n be a periodic exponent of
f . Then,

[ι, 0] : (Per f, f|Per f )→ (X, f)

and
[f̂ , n] : (X, f)→ (Per f, f|Per f )

are mutually inverse isomorphisms in Szym(FSet). Moreover, the map f̂
induces a bijection f̄ : (X/ ∼f , f ′)→ (Per f, f|Per f ).

Proof: The equality f̂ = fn = idX ◦fn implies that

[ι, 0] ◦ [f̂ , n] = [f̂ , n] = [idX , 0].

Since f(Perf) ⊂ Perf , we also have

f̂|Perf = (fn)|Perf = fn|Perf = id|Perf ◦fn|Perf ,

which implies

[f̂|Perf , n] = [id|Perf , 0].

This proves that [ι, 0] and [f̂ , n] are mutually inverse isomorphisms in Szym(FSet).
It follows from the definition (3) of the equivalence relation ∼f that f̄ is well
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defined. Moreover, Corollary 5.3 implies that f̂ is a surjection. Hence, so is
f̄ . In consequence, f̄ is a bijection, because X is finite. �

Proposition 5.1 lets us define a functor

Per : Endo(FSet)→ Auto(FSet)

as follows. For an object (X, f) in Endo(FSet) we set Per(X, f) :=
(Per f, f|Per f ). Given a morphism ϕ : (X, f) → (X ′, f ′) we define Per(ϕ)
as the map Per f 3 x 7→ ϕ(x) ∈ Per f ′. Note that this map is well defined,
because x ∈ Perk f implies f ′k(ϕ(x)) = ϕ(fk(x)) = ϕ(x). One easily verifies
that Per is indeed a functor. Moreover, it is a normal functor, because
Per(f), as a bijection, is an isomorphism in Auto(FSet).

Let Per′ : Szym(FSet)→ Auto(FSet) be the functor associated to Per
by Theorem 4.3. In particular, we have

(5) Per′ ◦ Szym = Per.

Theorem 5.7. The functor Per′ is a bijector.

Proof: We need to show that Per′ is an injector and a surjector. For this
end assume [ϕ, n] : Szym(X, f)→ Szym(X ′, f ′) and [ψ,m] : Szym(X, f)→
Szym(X ′, f ′) are morphisms in Szym(FSet) such that

Per′([ϕ, n]) = Per′([ψ,m]).

Rewriting this formula using the functoriality of Per′, (2), (5) and multi-
plying on the right by Per′(f)m+n we obtain

Per′(ϕ ◦ f̄n) = Per′(ψ ◦ f̄m),(6)

Per′(ϕ) ◦Per′(f̄)n = Per′(ψ) ◦Per′(f̄)m,(7)

Per′(ϕ) ◦Per′(f)m = Per′(ψ) ◦Per′(f)n,(8)

Per(ϕ) ◦Per(f)m = Per(ψ) ◦Per(f)n,(9)

Per(ϕ ◦ fm) = Per(ψ ◦ fn),(10)

(ϕ ◦ fm)|Per f = (ψ ◦ fn)|Per f .(11)

By Corollary 5.3, we may find a k ∈ N1 such that fk(X) ⊂ Per f . Then, we
get from (11) that

ϕ ◦ fm+k = ψ ◦ fn+k

which proves that [ϕ, n] = [ψ,m]. This proves injectivity. To prove surjec-
tivity take a morphism ϕ : (X, f)→ (X ′, f ′) in Auto(FSet). Then f, f ′ are
bijections. We have

Per′([ϕ, 0]) = Per′(Szym(ϕ)) = Per(ϕ) = ϕ|Per f = ϕ,

which proves that Per is a surjector. �

Corollary 5.8. Every object (X, f) in Endo(FSet) admits an object in
Auto(FSet) which is isomorphic to (X, f) in Szym(FSet). Moreover, any
such object is conjugate to Per(X, f).
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Proof: It follows from Proposition 5.1 that Per(x, f) = (Perf, f|Perf )
is an object in Auto(FSet). By Proposition 5.6 this object is isomorphic in
Szym(FSet) to (X, f). If another object in Auto(FSet) is isomorphic to
(X, f) in Szym(FSet) then it is also isomorphic to Per(X, f). Therefore,
it is conjugate to Per(X, f) by Proposition 4.5. �

6. Szymczak functor in FRel

Category FRel is the category whose objects are finite sets and whose
morphisms from set X to set X ′ consist of all relations in X × X ′. The
composition of morphisms R ⊂ X ×X ′ and R′ ⊂ X ′ ×X ′′ is defined as the
composition of relations, that is

R′ ◦R := { (x, x′′) ∈ X ×X ′′ | ∃x′ ∈ X ′ xRx′ and x′R′x′′ }.

Then idX is the identity morphism on X for each object X in FRel and
one easily verifies that so defined FRel is indeed a category.

Although the morphisms in FRel are arbitrary relations, the following
proposition shows that isomorphisms have to be bijective maps.

Proposition 6.1. A relation R ⊂ X × Y is an isomorphism in FRel if
and only if it is a bijective map.

Proof: Clearly, if R ⊂ X×Y is a bijective map, then so is R−1 and R−1 ◦
R = idX as well as R◦R−1 = idY . Therefore, R is an isomorphism in FRel.
To see the converse statement assume a relation R is an isomorphism. Then,
there exists a relation S ⊂ Y ×X such that S ◦R = idX and R◦S = idY . To
see that R is a partial map assume that y ∈ R(x) and y′ ∈ R(x). It follows
from Proposition 3.3 that S is a surjective multivalued map. Therefore, we
can find a ȳ ∈ Y such that x ∈ S(ȳ). Hence, y ∈ (R ◦S)(ȳ) = idY (ȳ) = {ȳ}.
Similarly we get y′ ∈ {ȳ}. In consequence, y = ȳ = y′ proving that R is a
partial map. It is a map, because X = dom idX = domS ◦ R ⊂ domR by
Proposition 3.2. By Proposition 3.3 it is a surjective map and since X is
finite, it is bijective map. �

Given a relation R in X, we set

gdomR :=
⋂
n∈N1

domRn,

gimR :=
⋂
n∈N1

imRn,

InvR := gdomR ∩ gimR.

We say that a relation R is wide if InvR = X. We have the following
proposition whose straightforward proof is left to the reader.

Proposition 6.2. A relation R in a finite set X is wide if and only if
domRn = X = imRn for all n ∈ N0. �
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Recall that a partition of a set X is a family A of mutually disjoint,
nonempty subsets of X such that X =

⋃
A. Given a partition A of X and

an element x ∈ X, we denote by [x]A the unique element of A to which x
belongs.

We say that relation R in X is a block bijection if there exist a partition
A of X and a bijection α : A → A such that

(12) R =
⋃
{A× α(A) | A ∈ A}.

For a block bijection R we define its size as the maximum of the cardinalities
of sets in A. Note that a bijection is always a block bijection and its size is
one.

Proposition 6.3. Assume a relation R ⊂ X is a block bijection satisfying
(12) for some partition A of X and a bijection α : A → A. Then, for any
x ∈ X we have R(x) = α([x]A).

Proof: Assume y ∈ R(x). Then (x, y) ∈ R. It follows from (12) that
(x, y) ∈ A×α(A) for some A ∈ A. Hence, [x]A = A and y ∈ α(A) = α([x]A).
To see the opposite inclusion take a y ∈ α([x]A). Let A := α([x]A). Then
x ∈ A, y ∈ α(A) and (x, y) ∈ A× α(A) ⊂ R. Hence, y ∈ R(x). �

Proposition 6.4. Ler R ⊂ X be a block bijection. Then, the partition
A and bijection α in (12) are uniquely determined by R. Moreover, if R
actually is a bijection, then the partition A consists of singletons.

Proof: Let A and α be the partition and bijection such that (12) is
satisfied. It follows from Proposition 6.3 that R(x) = α([x]A). Therefore, if
(12) is satisfied with A replaced by another partition B and α replaced by
another bijection β, then α([x]A) = R(x) = β([x]B). Since α : A → A and
β : B → B are bijections, this means that each set in A equals a set in B.
This is possible only if A = B. In consequence also α = β. This proves the
first part of the assertion. If R is a bijection, then R(x) is a singleton for
each x ∈ X. It follows that A consists of singletons. �

Theorem 6.5. Let (Y,R) be an object in Endo(FRel) and (X, f) an ob-
ject in Auto(FRel). Assume that (Y,R) and (X, f) are isomorphic in
Szym(FRel), that is there exist mutually inverse isomorphisms

[S,m] : Szym(X, f)→ Szym(Y,R),

[T, n] : Szym(Y,R)→ Szym(X, f).

If R is wide, then S ◦ fk ◦ T is a block bijection for sufficiently large k ∈ N
with {S(x) | x ∈ X } as the associated partition of Y . Moreover, Rp is a
block bijection for p sufficiently large.

Proof: Since [S,m] and [T, n] are mutually inverse isomorphism, we can
find a k0 ∈ N0 such that T ◦ S ◦ fk = fm+n+k and S ◦ T ◦Rk = Rm+n+k for
all k ≥ k0. We will prove that

(13) domT = Y = imS.
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Indeed, inclusions domT ⊂ Y and imS ⊂ Y are obvious. Since R is wide,
by Proposition 6.2 we get Y = domRm+n+k. Hence, by Proposition 3.2, we
get

Y = domRm+n+k = domS ◦ T ◦Rk = domRk ◦ S ◦ T ⊂ domT.

Similarly,

Y = gimR = imRm+n+k = imS ◦ T ◦Rk ⊂ imS.

This proves (13).
By Proposition 6.1 f is a bijective map. Hence, it is a wide relation and

an analogous argument proves that

(14) domS = X = imT.

Since f is a bijective map, we see that f̌ := fm+n = T ◦ S : X → X is
also a bijective map. We claim that

(15) S(x) = T−1(f̌(x)) for any x ∈ X.

To see this take a y ∈ S(x). Then xSy. By (13) we may find an x′ ∈ X
such that yTx′. It follows that xT ◦ S x′ which means x′ = f̌(x). Thus,
y ∈ T−1(x′) = T−1(f̌(x)), which proves that S(x) ⊂ T−1(f̌(x)). To prove
the opposite inclusion take a y ∈ T−1(f̌(x)). Then yTx′, where x′ := f̌(x).
Since f̌ = T ◦ S, there exists a y′ ∈ Y such that xSy′ and y′Tx. But, by
(13) y ∈ imS. Therefore, we can find an x′′ ∈ X such that x′′Sy. Hence,
x′′ T ◦ S x′ which means x′ = f̌(x′′). It follows that f̌(x′′) = f̌(x) and
bijectivity of f̌ implies x = x′′. This together with y ∈ S(x′′) gives y ∈ S(x)
and completes the proof of the opposite inclusion.

We will also prove that

(16) S(x1) ∩ S(x2) = ∅ for x1, x2 ∈ X, x1 6= x2.

To see (16) assume to the contrary that there exists a y ∈ S(x1)∩S(x2). By
(13) we may find an x ∈ X such that x ∈ T (y). It follows that x ∈ T (S(x1))
and x ∈ T (S(x2)). Since T ◦ S = f̌ is a bijection, we get x = f̌(x1) and
x = f̌(x2). It follows that x1 = f̌−1(x) = x2, a contradiction proving (16).

Consider the family A := {S(x) | x ∈ X }. By (14) the elements of A are
non-empty, by (16) they are disjoint and from (13) we get

⋃
A = Y . Hence,

A is a partition of Y . Fix a k ≥ k0 and define a bijection α : A → A by
α(S(x)) := S(fk(f̌(x))). We will prove that

(17) S ◦ fk ◦ T =
⋃
x∈X

S(x)× α(S(x)).

Consider first a pair (y, y′) ∈ S ◦ fk ◦ T . Then, there exist x̄, x′ ∈ X such
that yT x̄, x̄fkx′ and x′Sy′. Let x := f̌−1(x̄). It follows that y ∈ T−1(x̄) =
T−1(f̌(x)) and, by (15), y ∈ S(x). We also have y′ ∈ S(x′) = S(fk(x̄)) =
S(fk(f̌(x)) = α(S(x)). Hence (y, y′) ∈ S(x) × α(S(x)), which proves that
the left hand side of (17) is contained in the right hand side. To prove the
opposite inclusion take a pair (y, y′) ∈ S(x) × α(S(x)) for some x ∈ X.
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Then y ∈ S(x) = T−1(f̌(x)) which means that yT f̌(x). We also have
y′ ∈ α(S(x)) = S(fk(f̌(x))) or, equivalently, f̌(x) (S ◦ fk) y′. Since yT f̌(x),
we obtain (y, y′) ∈ S ◦ fk ◦T , which completes the proof of (17). Therefore,
S◦fk◦T is a block bijection. Moreover, since Rm+n+k = S◦T ◦Rk = S◦fk◦T
holds for all sufficiently large k, equation (17) implies that Rp is a block
bijection for p sufficiently large. �

Corollary 6.6. Let (X, f) and (Y, g) be objects in Endo(FSet). Then,
(X, f) and (Y, g) are also objects in Endo(FRel). If objects (X, f) and
(Y, g) are isomorphic in Szym(FRel), then they are also isomorphic in
Szym(FSet).

Proof: It follows from Corollary 5.8 that both (X, f) and (Y, g) are iso-
morphic in Szym(FSet) to objects in Auto(FSet). Clearly, these isomor-
phisms are also isomorphisms in Szym(FSet). Therefore, without loss of
generality we may assume that (X, f) and (Y, g) are objects in Auto(FSet).
Let [S,m] : Szym(X, f)→ Szym(Y,R) and [T, n] : Szym(Y,R)→ Szym(X, f)
be mutually inverse isomorphisms in Szym(FRel). Note that every bijec-
tion is obviously a wide relation. Therefore, it follows from Theorem 6.5
that R := S ◦ fk ◦ T is a block bijection with {S(x) | x ∈ X } as the associ-
ated partition of Y . We also know that S ◦ T ◦ gk = gm+n+k for a k ∈ N.
Hence, S ◦ fk ◦ T = S ◦ T ◦ gk = gm+n+k is a bijection. It follows that
also S ◦ T is a bijection. We get from Proposition 6.4 that the partition
{S(x) | x ∈ X } consists of singletons. This means that S is a map. It is
surjective, because {S(x) | x ∈ X } is a partition of Y . By Proposition 3.3 it
is also injective. Hence, S is a bijection. Since S ◦T is a bijection, it follows
that also T = S−1 ◦ (S ◦ T ) is a bijection. This shows that (X, f) and (Y, g)
are conjugate. In particular, they are isomorphic in Szym(FSet). �

Proposition 6.7. For every relation R in X there exists a q ∈ N1 such that
for all p ≥ q we have gdomR = domRp and gimR = imRp.

Proof: Since domRn is a decreasing sequence of sets and X is finite, there
exists a q ∈ N such that domRq = domRq+1. It follows that gdomR =
domRp for p ≥ q. The argument for gimR is analogous. �

The following proposition shows that each relation is equivalent in the
Szymczak category to a wide relation.

Proposition 6.8. For a relation R in X we have

Szym(X,R) ∼= Szym(InvR,R| InvR).

Proof: By Proposition 6.7 we may fix an n ∈ N such that domRn =
gdomR and imRn = gimR. Let A := InvR and let R̄ := R|A. Set S :=
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(Rn)|X×A and T := (Rn)|A×X . We will prove that the following diagrams

X X X X

A A A A
?

S

-R

?

S

-R

-R̄

6
T

-R̄

6
T

commute. To see that R̄ ◦S ⊂ S ◦R take (x, y) ∈ R̄ ◦S. Then x ∈ X, y ∈ A
and there exists an a ∈ A suxh that (x, a) ∈ Rn and (a, y) ∈ R̄ ⊂ R.

Choose an x′ ∈ X such that (x, x′) ∈ R, (x′, a) ∈ Rn−1. It follows that
(x′, y) ∈ S and (x, y) ∈ S ◦R. To prove the opposite inclusion take (x, y) ∈
S ◦ R. Then, there exist x′, x′′ ∈ X such that (x, x′) ∈ R, (x′, x′′) ∈ Rn−1

and (x′′, y) ∈ R|X×A. In particular, (x, x′′) ∈ Rn. We will show that x′′ ∈ A.
Indeed, x′′ ∈ imRn = gimR and since y ∈ A ⊂ gdomR and (x′′, y) ∈ R,
it follows that x′′ ∈ gdomR. Hence, (x, x′′) ∈ S and (x′′, y) ∈ R̄ which
implies (x, y) ∈ R̄ ◦S. The proof of the commutativity of the other diagram
is similar.

We will also prove that

S ◦ T = R2n(18)

T ◦ S = R̄2n.(19)

The inclusions S ◦ T ⊂ R2n and T ◦ S ⊃ R̄2n follow immediately from
Proposition 3.1. To see that S ◦ T ⊃ R2n take (x, y) ∈ R2n. Then, there
exists a z ∈ X such that (x, z) ∈ Rn and (z, y) ∈ Rn. It follows that
z ∈ imRn = gimR and z ∈ domRn = gdomR. Hence, z ∈ InvR = A
and we get (x, z) ∈ T , (z, y) ∈ S and (x, y) ∈ S ◦ T . In order to prove
that T ◦ S ⊂ R̄2n take (x, y) ∈ T ◦ S. Then, x, y ∈ A and there exists a
sequence x = x0, x1, . . . xn = y of points in X such that (xi−1, xi) ∈ R for
i = 1, 2, . . . 2n. Since x, y ∈ A, it is straightforward to observe that each
xi ∈ A. Therefore, (xi−1, xi) ∈ R̄, which proves that (x, y) ∈ R̄2n.

Finally, we have

[S, n] ◦ [T, n] = [S ◦ T, 2n] = [R2n, 2n] = [idX , 0](20)

[T, n] ◦ [S, n] = [T ◦ S, 2n] = [R̄2n, 2n] = [idA, 0],(21)

which proves that [S, n] : Szym(X,R)→ Szym(A, R̄) and [T, n] : Szym(A, R̄)→
Szym(X,R) are mutually inverse isomorphisms. �

Proposition 6.9. Let (X,R) be an object of Endo(FRel). Then there
exists a p ∈ N1 such that

(22) Ri+p = Ri for i ≥ p
and, in particular,

(23) Rkp = Rp for k ∈ N1.

Proof: SinceX is finite, the set of all relations inX is finite. In particular,
the set of values of the sequence N1 3 R 7→ Rn is finite. It follows that there
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exist m1,m2 ∈ N1 such that m1 < m2 and Rm1 = Rm2 . Set q := m2 −m1

and choose an m ∈ N1 such that p := mq ≥ m1. Then Rm1+q = Rm1 .
Multiplying both sides by Rq we obtain Rm1+2q = Rm1+q = Rm1 . Thus, an
induction argument proves that Rm1+kq = Rm1 for k ∈ N1. Fix i ≥ p. Then
i ≥ m1 and

Ri+p = R(i−m1)+m1+mq = R(i−m1)+m1 = Ri,

which proves (22) and (23) follows easily from (22) by induction. �
We refer to a p satisfying (22) as an eventual period of R. The key

feature of an eventual period is (22). Therefore, we do not require that the
eventual period be the smallest number with this property. Note that a
similar concept, named index, is introduced in [11].

Theorem 6.10. Let (X,R) be an object of Endo(FRel) and let p be an
eventual period of R. Then for each s ∈ N1

Szym(X,Rs) ∼= Szym(X,Rs+p).

Proof: Let S := T := Rp. We claim that [S, p] : Szym(X,Rs) →
Szym(X,Rs+p) and [T, p] : Szym(X,Rs+p) → Szym(X,Rs) are mutually
inverse isomorphisms in Szym(FRel). Since p + s ≥ p, we get from (22)
that

Rp+s ◦ T = R2p+s = Rp+s = T ◦Rs,

Rs ◦ S = Rp+s = R2p+s = S ◦Rp+s.
This shows that R and S are morphisms in Endo(FRel). Moreover, by (23)

T ◦ S = R2p = Rp = R2sp = (Rs)2p,

S ◦ T = R2p = Rp = R2(s+p)p = (Rs+p)2p,

which proves that [T, p] ◦ [S, p] = [idX , 0] and [S, p] ◦ [T, p] = [idX , 0], that is
[T, p] and [S, p] are mutually inverse isomorphisms. �

The following proposition is straightforward.

Proposition 6.11. Let R ⊂ X ×X be a strongly connected relation. Then
R is wide. Moreover, if x ∈ Rk(x), then x ∈ Rkl(x) for each l ∈ N1. �

Let gcd(a, b) denote the greatest common divisor of a, b ∈ Z. Consider the
greatest common divisor of the length of all cycles in a strongly connected
relation R. We call this number the period of R. In order to compute the
period of R one can consider the set of cycles with different vertices (cf. [18,
Definition 7.1.]). The following proposition relates the period of a strongly
connected relation with its eventual period.

Proposition 6.12. Let p ∈ N1 be an eventual period of a strongly connected
relation R ⊂ X×X and let q ∈ N1 be the period of R. Then q ≤ p. Moreover,
q|p.
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Proof: Assume to the contrary that q > p. Then there exists at least
one x ∈ X such that x /∈ Rp(x) because otherwise q would divide p. Since
R is strongly connected, there exists an l ∈ N1 such that x ∈ Rl(x) and q|l.
By Proposition 6.9 we get Rlp(x) = Rp(x) 63 x. It follows from Proposition
6.11 that x ∈ Rlp(x), a contradiction.

In order to prove that q|p note that for any x ∈ X there exists an i ∈
{0, . . . , p − 1} such that x ∈ Rp+i(x). Indeed, by Proposition 6.9 for any
m ≥ p we have Rm = Rp+i for some i ∈ {0, 1, . . . , p − 1}. From the same
proposition we conclude that for any k ∈ N1 the equation Rp+i = Rkp+i

holds. Therefore, x ∈ Rkp+i(x) and this means q|p + i and q|kp + i. It
follows that q|a(p + i) + b(kp + i) for any a, b ∈ Z and k ∈ N1. Setting
a = −1, b = 1 and k = 2 we get q|p. �

There are some relationships between eventual periods of an arbitrary
relation and eventual periods of the relation restricted to its strongly con-
nected components.

Proposition 6.13. Let U ⊂ X be a strongly connected component of an
arbitrary R ⊂ X ×X. Then

(R|U )n = (Rn)|U
for each n ∈ N.

Proof: The left-hand-side is clearly contained in the right-hand-side.
To prove the opposite inclusion consider a pair (u, v) ∈ (Rn)|U . Then

(u, v) ∈ U × U and there is a (u, v)-walk in R of length n. Since u and v
belong to the same strongly connected component of R, there is a (v, u)-
walk in R|U . Concatenation of both walks gives a cycle in R|U , because U
is a strongly connected component of R. Therefore, vertices lying on the
(u, v)-walk belong to U . In consequence, (u, v) ∈ (R|U )n. �

Corollary 6.14. Let U ⊂ X be a strongly connected component of R ⊂
X × X and let p and pU be eventual periods of R and R|U , respectively.
Then pU |p.

Proof: We have Rp+i = Ri for i ≥ p. By Proposition 6.13

(R|U )p+i = (Rp+i)|U = (Ri)|U = (R|U )i.

Hence, p is a multiple of pU . �

Proposition 6.15. Let q ∈ N1 be the period of a strongly connected relation
R ⊂ X ×X and let x, y ∈ X. Then the following conditions are equivalent:

(i) there exists an (x, y)-walk in R with length divisible by q,
(ii) each (x, y)-walk in R has length divisible by q.

Proof: Let c = x . . . y be an (x, y)-walk in R such that q|#c. Consider
a walk d = x . . . y in R such that #c 6= #d. Since R is strongly connected,
there exists a (y, x)-walk e in R. Then ce is a cycle passing through the
vertex y. Since q is the period of R, q divides the length of the cycle. Also
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q|#c, hence q|#e. Since de is also a cycle in R passing through y, the period
q divides its length. Therefore, q|#d, because q|#e.

To prove the opposite implication it suffices to note that the existence of
an (x, y)-walk follows from the strong connectivity of R. �

Let R ⊂ X×X be an arbitrary relation. We write x→R y to denote that
there is a walk in R from x to y of positive length. We say that x, y ∈ X are
strongly connected and write x ↔R y if x →R y and y →R x. Relation ↔R

is clearly symmetric and transitive. Hence, it is an equivalence relation in

XR := {x ∈ X | x↔R x}.
We call XR the recurrent set of R and its elements the recurrent vertices of
R. The equivalence classes of ↔R in XR are called the strongly connected
components of R. For a recurrent vertex x ∈ XR we denote by [x]R the
strongly connected component to which x belongs.

We refine the relation ↔R in XR to a relation ∼R in XR by defining
x ∼R y for x, y ∈ XR if x↔R y and each walk from x to y has length equal
to zero modulo the period of R restricted to the common strongly connected
component of x and y.

Notice that if R ⊂ X ×X is a strongly connected relation, then XR = X
and ↔R has exactly one equivalence class.

Proposition 6.16 (cf. [9, Lemma 6, Corollary 1]). Let q ∈ N1 be the period
of a strongly connected relation R ⊂ X × X. Then ∼R is an equivalence
relation in X with exactly q distinct equivalence classes. �

Corollary 6.17. Let R ⊂ X ×X be an arbitrary relation. Then ∼R is an
equivalence relation in XR. �

In order to proceed we need the following fact about the existence of
solutions of particular Diophantine equation. 1

Proposition 6.18 (D. Jao). Let a, b ∈ N1 and let q := gcd(a, b). For any
n ∈ N the equation

ax+ by =
ab

q
+ q + nq

has a solution x, y consisting of positive integers.

Proof: Let a′ := a
q ∈ N and let b′ := b

q ∈ N. Then a′ and b′ are coprime.

We will show that

(24) {b′y mod a′ | y = 1, 2, . . . , a′} = {0, 1, . . . , a′ − 1}.
Clearly, the left-hand-side of (24) is contained in the right-hand-side. As-
sume there is no equality. Then there exist y1, y2 ∈ {1, . . . , a′} such that
b′y1 = b′y2 mod a′ and y1 < y2. It follows that a′ divides b′y2 − b′y1 and
there exists an s ∈ N such that a′s = b′(y2 − y1). Since a′, b′ are coprime, b′

1Proposition 6.18 and the proof after D. Jao from
https://djao.math.uwaterloo.ca/w/Positive Solutions to linear diophantine equation.
(Retrieved February 4, 2021)
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divides s and u := s
b′ ∈ N. We get a′ ≤ a′u = y2 − y1 < a′, a contradiction

which proves (24).
Let r denote the reminder of the division of 1 + n by a′. Then 1 + n =

ka′ + r. By (24) we may choose a y ∈ {1, . . . , a′} such that b′y mod a′ = r.
Then a′ divides 1+n−b′y and, in consequence, a divides q(1+n−b′y)+b′a =
ab
q + q + nq − by. Hence,

x :=

ab
q + q + nq − by

a

is an integer. It remains to show that x > 0. For this end note that by ≤ ba′
and

ax ≥ ba′ + q + nq − ba′ = q + nq.

Therefore x ≥ q
a + nq

a > 0. �

Lemma 6.19. Let R ⊂ X × X be a strongly connected relation with its
period equal to q and an eventual period equal to p. Then for all cycles c
and d in R of length equal to k1 and k2 respectively, there exists a cycle b of
length gcd(k1, k2) + p gcd(k1, k2) such that each vertex of cycles c and d lies
on cycle b.

Proof: Assume that a vertex x lies on a cycle c (for a vertex lying on d
the proof is analogous). Then x ∈ Rk1(x). In general, cycles c and d need
not share vertices. By connectivity of R, there exist a walk from x to any
vertex y lying on d as well as a walk from y to x. The concatenation of the
(x, y)-walk with the (y, x)-walk is a cycle e in R with x and y lying on e.
Let us assume that #e := l.

By Proposition 6.18, for each m ∈ N there exists a solution l1, l2 ∈ N1 of
the equation

k1l1 + k2l2 =
k1k2

gcd(k1, k2)
+ gcd(k1, k2) +m gcd(k1, k2).

We have k′1 := k1
gcd(k1,k2) ∈ N. Hence,

k1l1 + k2l2 = gcd(k1, k2)(
k′1k2

gcd(k1, k2)
+ 1 +m).

Putting m := m1p−
k′1k2

gcd(k1,k2) where m1 ∈ N is large enough to ensure that

m > 0, we get a solution l1, l2 ∈ N1 such that

k1l1 + k2l2 = gcd(k1, k2) +m1p gcd(k1, k2).

It follows that x ∈ Rk1l1+k2l2+lp gcd(k1,k2)(x), because, by Proposition 6.11,
cycle e may be concatenated with itself p gcd(k1, k2) times, and cycles c and
d may be concatenated with themselves l1 and l2 times respectively. Hence,
by Proposition 6.9,

x ∈ Rk1l1+k2l2+lp gcd(k1,k2)(x) = Rgcd(k1,k2)+p gcd(k1,k2)(x).
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This means that there exists a cycle in R with x lying on that cycle of length
gcd(k1, k2) + p gcd(k1, k2). �

Proposition 6.20. Let R ⊂ X × X be a strongly connected relation with
its period equal to q. For every eventual period p of R we have idX ⊂ Rp+q.

Proof: Let x ∈ X and let {k1, . . . , kn} be the set of lengths of all cycles
with different vertices in R. We have q = gcd(k1, . . . , kn) (see [18, Definition
7.1]). Take a cycle such that x lies on it. Assume that the cycle has length
k1. Hence, x ∈ Rk1(x). Take the next cycle of length k2. By Lemma 6.19,
there exists a cycle of length gcd(k1, k2) + p gcd(k1, k2) with x lying on it.

Let us take the next cycle of length k3. Note that

x ∈ Rgcd(k1,k2)+p gcd(k1,k2)(x) = Rgcd(k1,k2)+k3p gcd(k1,k2)(x),

and by the identity gcd(a+ cb, c) = gcd(a, c) for a, b, c ∈ Z we get

gcd(gcd(k1, k2)+k3p gcd(k1, k2), k3) = gcd(gcd(k1, k2), k3) = gcd(k1, k2, k3).

Applying again Lemma 6.19 for cycles of lengths gcd(k1, k2) + p gcd(k1, k2)
and k3, we can find a cycle such that

x ∈ Rgcd(k1,k2,k3)+p gcd(k1,k2,k3)(x).

Continuing for the remaining ki we get x ∈ Rq+pq(x) = Rq+p(x) which
implies idX ⊂ Rp+q. �

As a corollary to the above proposition we get a variant of Proposition
6.9 for strongly connected relations.

Corollary 6.21. Let R be a strongly connected relation with its period equal
to q and an eventual period equal to p. Then

(25) Rp+kq = Rp for k ∈ N.

Proof: We prove inductively on k ∈ N that

(26) Rp+kq ⊂ Rp+(k+1)q.

By Proposition 6.20 we have idX ⊂ Rp+q, henceRp ⊂ R2p+q. By Proposition
6.9 we have R2p+q = Rp+q. This proves (26) for k = 0.

Proceeding by induction we get

Rp+(k+1)q = Rp+kq ◦Rq ⊂ Rp+(k+1)q ◦Rq = Rp+(k+2)q,

which completes the proof of (26).
We will now prove (25). By Proposition 6.12, p = mq holds for some

m ∈ N1. Fix an s ∈ N such that sm ≥ k. By (26), we have

Rp ⊂ Rp+kq ⊂ Rp+smq = Rp+sp = Rp. �

We are now ready to present a theorem expressing the equivalence classes
of ∼R in XR in terms of a power of relation R ⊂ X ×X.
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Theorem 6.22. Let R ⊂ X ×X be an arbitrary relation and let p ∈ N1 be
an eventual period of R. Then for each x ∈ XR we have

(27) [x]∼R = Rp(x) ∩ [x]R.

In particular, if R is a strongly connected relation, then [x]∼R = Rp(x).

Proof: Let y ∈ [x]∼R . This means that there exists an (x, y)-walk of
length kq, where q ∈ N1 is the period of R|[x]R and k ∈ N1. In other words,

y ∈ (R|[x]R)kq(x). Notice that x ∈ (R|[x]R)p. Indeed, we have

x ∈ id[x]R(x) ⊂ (R|[x]R)p[x]R
+q(x) = (R|[x]R)p[x]R (x) ⊂ (R|[x]R)p(x),

where p[x]R is an eventual period of R|[x]R . By Proposition 6.20, Corollary
6.21 and Proposition 6.13 we get

y ∈ (R|[x]R)p+kq(x) = (R|[x]R)p(x) = (Rp)|[x]R(x) ⊂ Rp(x).

It is clear that y ∈ [x]R.
In order to prove the opposite inclusion take a y ∈ Rp(x) ∩ [x]R. There

exists an (x, y)-walk of length p in R|[x]R . Since R|[x]R is strongly connected,
there exists also a (y, x)-walk of length l in R|[x]R for some l ∈ N1. Con-
catenation of these walks is a cycle of length p + l. Hence, the period q of
R|[x]R divides p+ l. By Proposition 6.12, we have q|p[x]R , where p[x]R is an
eventual period of R|[x]R . By Corollary 6.14, q|p. Therefore, q|l and this
proves y ∼R x, that is y ∈ [x]∼R . �

Let (X,R) ∈ Endo(FRel) and let p ∈ N1 be an eventual period of R.
Since ∼R is an equivalence relation in XR, we may consider the object
(XR/∼R , R̄) ∈ Endo(FRel), where R̄ is induced on equivalence classes of
∼R given by

(28) [x]∼RR̄ [y]∼R if xRp+1y

for x, y ∈ XR. The relation R̄ is well-defined. This is a consequence of the
following implication:

x ∼R x′, xRp+1y, y ∼R y′ ⇒ x′Rp+1y′.

The implication holds. Indeed, there are an (x′, x)-walk and a (y, y′)-walk of
length equal to zero modulo the period of the strongly connected component
containing x, x′ and y, y′, respectively. By Corollary 6.21 and Corollary
6.14 there are also an (x′, x)-walk and a (y, y′)-walk of length equal to p.
Concatenating these walks of length equal to p with an (x, y)-walk of length
equal to p + 1 in the right order we get the (x′, y′)-walk of length equal to
3p+ 1. By Proposition 6.9, there is an (x′, y′)-walk of length equal to p+ 1
which proves the implication.

Lemma 6.23. Let (X,R) ∈ Endo(FRel) and let p ∈ N1 be an eventual
period of R. Then for R̄ given by (28)

R̄([x]∼R) = R̄({[y]∼R | y ∈ R
p(x), y ∈ XR})

for all x ∈ XR. Moreover, p is an eventual period of R̄.
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Proof: The left-hand-side is clearly contained in the right-hand-side.
To prove the opposite inclusion consider a [z]∼R which belongs to the

right-hand-side. This means that there is a y ∈ Rp(x), y ∈ XR such that
[y]∼RR̄[z]∼R . Thus, yRp+1z and z ∈ Rp+1(y) ⊂ Rp+1(Rp(x)) = Rp+1(x). It
follows that xRp+1z and [x]∼RR̄[z]∼R .

Let i ≥ p. We have

R̄i([x]∼R) = {[y]∼R | x(Rp+1)iy} = {[y]∼R | xRpi+i+p
2+py}

= {[y]∼R | x(Rp+1)i+py} = R̄i+p([x]∼R),

which proves that p is an eventual period of R̄. �

Lemma 6.24. Let R ⊂ X × X be an arbitrary relation and let p ∈ N1 be
an eventual period of R. For each x ∈ X and n ∈ N

(29) Rp+n(x) = Rp(Rp+n(x) ∩XR).

Proof: Note that if XR = ∅, then the relation Rp is empty. Therefore,
in this case the theorem is trivial. Hence, assume that XR 6= ∅. We prove
formula (29) inductively on n ∈ N.

Assume that n = 0. We need to prove that Rp(x) = Rp(Rp(x) ∩XR) for
each x ∈ X. For the proof of the right-to-left inclusion, note that for each
x ∈ X we have Rp(x)∩XR ⊂ Rp(x) and, in consequence, Rp(Rp(x)∩XR) ⊂
Rp+p(x) = Rp(x).

In order to prove the opposite inclusion take a y ∈ Rp(x). We claim that
there is an (x, y)-walk in R such that there exists a z ∈ XR which belongs to
the walk. Indeed, if this were not true, then we would get a contradiction in
the equality (23) in Proposition 6.9, because from the finiteness of X there
would be a number k ∈ N1 such that Ri(x) = ∅ for each i ≥ k, in particular
y ∈ Rp(x) = Rkp(x) = ∅.

Let us take a z ∈ U lying on the (x, y)-walk in some strongly connected
component U . Assume that z ∈ Rl(x) for some l ∈ {0, . . . , p}. Clearly,
y ∈ Rp−l(z). Note that there exists a z′ ∈ U ⊂ XR lying on a cycle starting
at z of length p such that z′ ∈ Rp−l(z). Note that it may happen that
z = z′. By Theorem 6.22, the set Rp(z′) contains some equivalence class of
∼R defined in XR. In particular, z′ ∈ Rp(z′). Therefore,

z′ ∈ Rp(z′) ⊂ R2p−l(z) ⊂ R2p(x) = Rp(x).

In consequence, z′ ∈ Rp(x) ∩ XR. We will show that there is a (z′, z)-
walk in R of length p + l. Indeed, from the definition of z′ we know that
z ∈ Rl(z′). Together with z′ ∈ Rp(z′), we get z ∈ Rp+l(z′). We have
y ∈ Rp−l(z) ⊂ R2p(z′) = Rp(z′) which proves y ∈ Rp(z′) ⊂ Rp(Rp(x)∩XR).

Hence, formula (29) for n = 0 is proved. Now assume that (29) holds.
We prove that (29) also holds with n replaced by n+ 1. Using the inductive
assumption and the formula that the image of a union under a multivalued
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map is equal to the union of the images, we get

Rp(Rp+n+1(x) ∩XR) = Rp(Rp+n(R(x)) ∩XR)
= Rp((

⋃
t∈R(x)R

p+n(t)) ∩XR)

= Rp(
⋃
t∈R(x)R

p+n(t) ∩XR)

=
⋃
t∈R(x)R

p(Rp+n(t) ∩XR)

=
⋃
t∈R(x)R

p+n(t)

= Rp+n+1(x),

which ends the proof. �

Lemma 6.25. Let R ⊂ X × X be an arbitrary relation and let p ∈ N1 be
an eventual period of R. Then

x ∼R x′ ⇒ Rp(x) = Rp(x′).

Proof: Let x ∼R x′. By Theorem 6.22, we have x′ ∈ Rp(x) and, in
consequence, Rp(x′) ⊂ Rp(x).

The right-to-left inclusion follows by symmetry of ∼R. �

Theorem 6.26. Let (X,R) ∈ Endo(FRel) and let p ∈ N1 be an eventual
period of R. Then

Szym(X,R) ∼= Szym(XR/∼R , R̄),

where R̄ is induced on equivalence classes of ∼R given by (28).

Proof: Consider relations S ⊂ X ×XR/∼R and T ⊂ XR/∼R ×X defined
by S(x) := {[y]∼R | y ∈ Rp(x), y ∈ XR} for x ∈ X and T ([x]∼R) := Rp(x)
for [x]∼R ∈ XR/∼R . By Lemma 6.25, T is well-defined. We claim that S
and T are morphisms in Endo(FRel). Note that by Lemma 6.23, for x ∈ X
we have

(S ◦R)(x) = S(R(x)) = {[y]∼R | y ∈ Rp+1(x), y ∈ XR}
= {[y]∼R | [x]∼RR̄[y]∼R} = R̄([x]∼R)
= R̄({[y]∼R | y ∈ Rp(x), y ∈ XR}) = (R̄ ◦ S)(x),

and, by Lemma 6.24, for [x]∼R ∈ XR/∼R

(R ◦ T )([x]∼R) = R(Rp(x)) = R2p+1(x)
= Rp({y | y ∈ Rp+1(x), y ∈ XR})
= T ({[y]∼R | [x]∼RR̄[y]∼R}) = (T ◦ R̄)([x]∼R),

which proves that S and T are morphisms in Endo(FRel).
Now we prove that

[S, p] : Szym(X,R)→ Szym(XR/∼R , R̄)

and
[T, p] : Szym(XR/∼R , R̄)→ Szym(X,R)

are mutually inverse isomorphisms in Szym(FRel). Again by Lemma 6.24,
for x ∈ X we get

(T◦S)(x) = T ({[y]∼R | y ∈ R
p(x)∩XR}) = Rp({y | y ∈ Rp(x)∩XR}) = Rp(x)
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and for [x]∼R ∈ XR/∼R

(S ◦ T )([x]∼R) = S(Rp(x)) = {[y]∼R | y ∈ Rp(Rp(x)), y ∈ XR}
= {[y]∼R | y ∈ Rp(x) ∩XR}
= {[y]∼R | y ∈ (Rp+1)p(x) ∩XR}
= {[y]∼R | [x]∼RR̄

p[y]∼R} = R̄p([x]∼R).

Note that, in particular, the following holds:

idX ◦R2p+p = Rp+p = Rp ◦Rp.

Hence, [T, p] ◦ [S, p] = [T ◦ S, 2p] = [Rp, 2p] = [idX , 0]. By Lemma 6.23, we
get

idXR/∼R
◦R̄2p+p = R̄p ◦ R̄p.

Therefore, [S, p] ◦ [T, p] = [S ◦ T, 2p] = [R̄p, 2p] = [idXR/∼R
, 0], which ends

the proof. �
Note that for a strongly connected relation R, the relation R̄ from Theo-

rem 6.26 is, in fact, a cyclic bijection (see the example in Figure 4).
The example in Figure 4 shows the partition of the set of vertices into the

equivalence classes of the relation ∼R.

Figure 4. Two isomorphic relations in Szymczak’s category.
The eventual period p and the period q of the relation on the
left are both p = q = 3. The equivalence classes of the
relation ∼R are marked with colors.

6.1. Objects in canonical form. Now we will consider particular class of
objects in Endo(FRel). We say that (X,R) ∈ Endo(FRel) is in canonical
form if the following conditions apply:

(i) X = XR; in other words, each element of X belongs to a strongly
connected component of R,

(ii) for each x ∈ X the restriction R|[x]R is a bijection,

(iii) for each n ∈ N1 the equation Rn+p = Rn holds, where p ∈ N1 is an
eventual period of R.

Note that the condition (iii) implies that the bijection from (ii) is cyclic.
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Theorem 6.27 (Theorem 2.1). For each (X,R) ∈ Endo(FRel) there exists
an object (X̄, R̄) ∈ Endo(FRel) in canonical form such that

Szym(X,R) ∼= Szym(X̄, R̄).

Proof: Let p ∈ N1 be an eventual period of R. Consider (X̄, R̄), where
X̄ := XR/∼R and R̄ is induced by R on equivalence classes of ∼R as in (28).
We claim that (X̄, R̄) is in canonical form.

To prove that X̄ = X̄R̄ let α ∈ X̄ and let x, x′ ∈ α. By Corollary 6.21
there exists an (x, x′)-walk in R of length equal to (p + 1)p. This means
x′ ∈ (Rp+1)p(x). Hence, [x′]∼RR̄

p[x]∼R and α ↔R̄ α, which proves that
α ∈ X̄R̄. The right-to-left inclusion comes from the definition of recurrent
set of R̄.

Notice that R̄ restricted to a strongly connected component of R̄ is a map.
Indeed, suppose that there are α, β ∈ X̄, α 6= β, such that α ∈ R̄|[γ]R̄

(γ)

and β ∈ R̄|[γ]R̄
(γ) for some γ ∈ X̄. This means that γR̄|[γ]R̄

α, γR̄|[γ]R̄
β

and for any x ∈ γ, y ∈ α, z ∈ β we have x(R|⋃[γ]R̄
)p+1y and x(R|⋃[γ]R̄

)p+1z.
Therefore, there are an (x, y)-walk and an (x, z)-walk of R|⋃[γ]R̄

, both of
length equal to p+ 1. Hence, y, z belong to the same class of ∼R, α = β, a
contradiction.

Using a similar argument as in the paragraph above one can prove that
R̄ restricted to a strongly connected component is injective. In order to
show that R̄ restricted to a strongly connected component is surjective let
α ∈ X̄ and take β ∈ [α]R̄. Consider γ = (R̄|[α]R̄

)p−1(β), where p is an

eventual period of R̄ (see Lemma 6.23). We have R̄|[α]R̄
(γ) = (R̄|[α]R̄

)p(β).

By Proposition 6.20 and Corollary 6.21 we get id[α]R̄
⊂ (R̄|[α]R̄

)p. Therefore,

(R̄|[α]R̄
)p(β) = β and R̄|[α]R̄

(γ) = β. Thus, R̄|[α]R̄
is a bijection.

Careful inspection of the proof of Lemma 6.23 indicates that the variable
i may be replaced by any positive integer, which proves (iii).

Isomorphisms between objects (X,R) and (X̄, R̄) in the Szymczak cate-
gory are given by Theorem 6.26. �

Proposition 6.28. Let (X,R) ∈ Endo(FRel) be in canonical form. Then
(XR/∼R , R̄) is also in canonical form, where R̄ is given as in (28). Moreover,
(X,R) and (XR/∼R , R̄) are conjugate objects of Endo(FRel).

Proof: By Theorem 6.27, the object (XR/∼R , R̄) is in canonical form.
Consider the map f : X → XR/∼R such that f(x) := [x]∼R . Since X =

XR, map f is well-defined. Notice that for each x ∈ X we have card[x]∼R =
1. Indeed, suppose on contrary that there are x, x′ ∈ [x]∼R such that x 6= x′.
Then there are an (x, x)-walk and an (x, x′)-walk . This means that for
some y lying on both walks cardR|[x]R(y) > 1, but R|[x]R is a bijection, a
contradiction.

Using the above fact one can easily prove that f is a bijection. By Propo-
sition 6.1, map f is an isomorphism between X and XR/∼R in FRel.
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We will show that f ◦R = R̄ ◦ f . Let p ∈ N1 be an eventual period of R
and let x ∈ X. We have

R̄(f(x)) = R̄([x]∼R) = {[y]∼R | xRp+1y} = f({y | xRp+1y})
= f({y | y ∈ Rp+1(x)}) = f(Rp+1(x)) = f(R(x)),

which proves that (X,R) and (XR/∼R , R̄) are conjugate in Endo(FRel). �
Because of Proposition 6.28, an object (X,R) in canonical form is also

said to be canonical.
As an example we will show that the relation R1 in Figure 5 is isomorphic

to relation the R3 in Szymczak’s category. From now on, for the matrix
representation A of a relation R we use the convention Aij = 1 if xiRxj and
0 otherwise. We have

R1 =


0 1 0 1 0
1 0 1 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1 0

 and R3 =


0 1 1 0
1 0 0 1
0 0 0 1
0 0 1 0

 .

An eventual period of R1 is p = 4. Relation R1 has two strongly connected
components [1]R1 := {1, 2, 3} and [4]R1 := {4, 5}, where the vertex number
is also the row-column number of the matrix representation of the relation
R1. Moreover, we have [1]∼R1

= {1, 3}, [2]∼R1
= {2}, [4]∼R1

= {4} and

[5]∼R1
= {5}. Using the formulas from the proof of Theorem 6.26 we get

T :=


1 0 1 0 1
0 1 0 1 0
0 0 0 1 0
0 0 0 0 1

 and S :=


1 0 0 1
0 1 1 0
1 0 0 1
0 0 1 0
0 0 0 1

 .

It is easy to check that R1 ◦ T = T ◦R3, R3 ◦ S = S ◦R1, S ◦ T = Rp3, and
T ◦ S = Rp1. Therefore, [S, p] and [T, p] are mutually inverse isomorphisms
and, in consequence, ({1, 2, 3, 4, 5}, R1) and ({1, 2, 4, 5}, R3) are isomorphic
in Szym(FRel).

Figure 5. Relations R1, R2 and R3 (from left to right)
isomorphic in Szymczak’s category. Only relation R3 is in
canonical form.
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Let (X,R) ∈ Endo(FRel) be an object in canonical form. The relation
R induces a partial order ≤R in X/↔R defined by

(30) [x]R ≤R [y]R :⇔ there exists a (y, x)-walk in R.

Indeed, reflexivity of ≤R is obvious. If [x]R ≤R [y]R and [y]R ≤R [x]R,
then there are a (y, x)-walk and an (x, y)-walk. Hence, x and y are strongly
connected, [x]R = [y]R. One can easily prove that ≤R is transitive.

If [x]R ≤R [y]R, then we say that the component [y]R is connected with
the component [x]R.

Now we present a few technical lemmas which give us information on
isomorphisms in Szym(FRel).

Lemma 6.29. Let (X,R), (X ′, R′) ∈ Endo(FRel) be objects in canon-
ical form isomorphic in Szym(FRel). If [S, k] : (X,R) → (X ′, R′) and
[T, k′] : (X ′, R′)→ (X,R) are mutually inverse isomorphisms, then for each
x ∈ X and each y ∈ (T ◦ S)(x) either [y]R is not connected with [x]R or
[x]R = [y]R.

Proof: Let x ∈ X and y ∈ (T ◦ S)(x). Since [T ◦ S, k′ + k] = [idX , 0],

for some l ∈ N we have Rl(y) ⊂ Rl(T (S(x))) = Rl+k+k′(x). We can find
z ∈ [y]R such that z ∈ Rl(y). Therefore, [x]R is connected with [y]R. This
excludes that [y]R is connected with [x]R, because [x]R = [y]R would have
to be the case. �

Lemma 6.30. Let (X,R), (X ′, R′) ∈ Endo(FRel) be objects in canonical
form isomorphic in Szym(FRel). If [S, α] : (X,R)→ (X ′, R′) is an isomor-
phism and U is a component of R, then S(U) contains uniquely determined
component V of R′ with the same period as U such that no other component
of R′ with non-empty intersection with S(U) is connected with V .

Proof: Let [T, β] : (X ′, R′)→ (X,R) be an isomorphism inverse to [S, α],
let x ∈ X and U := [x]R. Assume that the period of R|[x]R is equal to q.
Consider S(x). Let CS(x) := {[x′]R′ | S(x) ∩ [x′]R′ 6= ∅, x′ ∈ X ′}.

We claim that there exists exactly one component V ∈ CS(x) such that
no other component W ∈ CS(x) is connected with V .

We have S(x) 6= ∅, because for some t ∈ N we get Rt(T (S(x))) =
Rt+α+β(x) and Rt+α+β(x) ∩ [x]R 6= ∅. Hence, also CS(x) 6= ∅. Since ≤R′ is
partial order, we take maximal elements of CS(x). Without loss of generality
assume that there exist two components [e]R′ , [d]R′ ∈ CS(x) which are maxi-
mal elements of ≤R′ in CS(x) such that e ∈ [e]R′ ∩S(x) and d ∈ [d]R′ ∩S(x).

We have T (e) ⊂ T (S(x)) and T (d) ⊂ T (S(x)). Let us take components
[y]R, [z]R such that y ∈ [y]R ∩ T (e) 6= ∅ and z ∈ [z]R ∩ T (d) 6= ∅ and
no other component of R with non-empty intersection with T (e) and T (d),
respectively, is connected with [y]R and [z]R, respectively. We can take such
components by an argument similar to the one in the paragraph above.
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Since there are no components in R with non-empty intersection with
T (e) and T (d) connected with [y]R and [z]R, respectively, by Lemma 6.29,
we get that [y]R = [x]R and [z]R = [x]R.

Since y ∈ T (e) ∩ [x]R and there is s ∈ N such that x ∈ Rs(y), we have

S(x) ⊂ S(Rs(y)) ⊂ S(Rs(T (e))).

Hence, d ∈ S(x) ⊂ R′s(S(T (e))). Moreover, there exists t ∈ N such that

R′t(d) ⊂ R′s(S(T (R′t(e)))) = R′s+t+α+β(e).

There is also an element c ∈ R′t(d) in [d]R′ . In consequence, c ∈ R′s+t+α+β(e)
and this means that [d]R′ ≤R′ [e]R′ , which contradicts the choice of compo-
nents [e]R′ and [d]R′ . Therefore, [e]R′ = [d]R′ . Thus, we proved that there
is only one component with the desired property.

Now, let V be the component of R′ with the property that no other
component of R′ from CS(x) is connected with V . Take e ∈ V ∩ S(x). We
will prove that the component V has the same period as U (equal to q).
Note that x ∈ Rq(x), and then e ∈ S(x) ⊂ S(Rq(x)) = R′q(S(x)). Hence,

e ∈ S(x) ⊂ R′q(S(x)) ⊂ R′2q(S(x)) ⊂ . . . .

Therefore, the period of V is equal to either k := rq for some r ∈ N1 or
k ∈ N1 and k|q.

As we proved above, U is the component of R with non-empty intersection
with T (e) such that no other component of R with non-empty intersection
with T (e) is connected with it. Take y ∈ T (e) ∩ U . Since we have the
sequence of inclusions

y ∈ T (e) ⊂ Rk(T (e)) ⊂ R2k(T (e)) ⊂ . . . ,

the period of U is equal to either q = sk for some s ∈ N1 or q|k. Combining
the cases for the period of V and U , we have to consider four cases.

In the first case q = srq it follows that sr = 1 and k = q. In the second
case q|k and k|q, we also get immediately k = q. Consider the next case
q = sk and k|q. Since e ∈ R′k(e), we get T (e) ⊂ Rk(T (e)) and y ∈ T (e)∩U .
Therefore, either y ∈ Rk(y) and then k = q or there is z ∈ T (e)∩U such that
y 6= z and y ∈ Rk(z). We have y, z ∈ T (e) ⊂ Rk(T (S(x))). Also T ◦S ◦Rl =
Rl+α+β for some l ∈ N. Hence, assuming without loss of generality that
l − k > 0 we get Rl−k(y) ⊂ Rl+α+β(x) and Rl−k(z) ⊂ Rl+α+β(x).

We have x, y, z ∈ U , y 6= z and R|U is a bijection on U . There exist
y′, z′ ∈ U such that y′ ∈ Rl−k(y), z′ ∈ Rl−k(z) and y′ 6= z′. Therefore,
y′ ∈ Rl+α+β(x) and z′ ∈ Rl+α+β(x). That means y′ = z′. This contradicts
the choice of y′ and z′, so the alternative in the case cannot hold.

Analogously, it can be proved that in the fourth case k = q. Hence, the
period of component V is equal to q.

Now we will prove that V ⊂ S(U). Let e ∈ S(x) ∩ V , where x ∈ U and
d ∈ R′(e) ∩ V , y ∈ R(x) ∩ U . Suppose to the contrary that d /∈ S(y), that
is there exist w ∈ R(x), w ∈ [w]R 6= U such that d ∈ S(w). Obviously, U is
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connected with [w]R. Since the period of V is equal to q, e ∈ R′q−1(d) holds
and e ∈ R′q−1(d) ⊂ R′q−1(S(w)). We have

T (e) ⊂ Rq−1(T (S(w))),

and by repeating the reasoning of this proof we show that there exists z ∈
T (e) ∩ U such that z ∈ Rq−1(T (S(w))). Hence, [w]R is connected with
U . By the assumption U is connected with [w]R. Therefore, U = [w]R,
a contradiction. Repeating the reasoning for each element of V we get
V ⊂ S(U). Since V is uniquely determined by elements of U and no other
component with non-empty intersection with S(U) is connected with V , the
proof is completed. �

Lemma 6.31. An isomorphism in Szym(FRel) between objects (X,R),
(X ′, R′) ∈ Endo(FRel) in canonical form induces a bijection between X/↔R

and X ′/↔R′ . Moreover, the bijection maps ≤R to ≤R′.

Proof: First we prove that an isomorphism preserves connections between
the corresponding components.

Let [S, α] : (X,R) → (X ′, R′), [T, β] : (X ′, R′) → (X,R) be mutually in-
verse isomorphisms in Szym(FRel). Let U and V be components of R with
periods qU and qV , respectively. Let W ⊂ S(U) and Q ⊂ S(V ) be compo-
nents of R′ with periods qU and qV , respectively, mentioned in Lemma 6.30.
Assume that V ≤R U . We will prove that Q ≤R′ W .

Take e ∈W . There is an x ∈ T (e) such that x ∈ U . Since V ≤R U , there
exists y ∈ Rk(x) for some k ∈ N1, where y ∈ V . We have S(x) ⊂ S(T (e))
and S(Rk(x)) ⊂ S(T (R′k(e))). Hence, for some l ∈ N we get

R′l(S(y)) ⊂ R′l(S(Rk(x))) ⊂ R′k+l+α+β(e).

Since S(y) contains elements of Q and no other component of R′ intersecting
S(y) is connected with Q, we take an element d ∈ S(y)∩Q and c ∈ R′l(d)∩Q.
Therefore, c ∈ R′k+l+α+β(e), that isW is connected withQ, that isQ ≤R̄ W .

Define a map f : X/↔R → X ′/↔R′ such that f(U) := W , where W ⊂
S(U) and no other component of R′ intersecting S(U) is connected with
W . Since such a W is determined uniquely (see Lemma 6.30), the map f is
well-defined.

We will prove that f is injective. Let f(U) = W = f(V ). Then
W ⊂ S(U) ∩ S(V ) and T (W ) ⊂ T (S(U)), T (W ) ⊂ T (S(V )). There is
an x ∈ T (W ) ∩ U , where U is the component of R not connected with any
other component intersecting T (W ). Similarly, y ∈ T (W ) ∩ V , where no
other component intersecting T (W ) is connected with V . That means U is
connected with V and V is connected with U , hence U = V .

We prove that f is surjective. Assume to the contrary that there is
W ∈ X ′/↔R′ such that for each U ∈ X/↔R the inequality f(U) 6= W
holds. We have V ⊂ T (W ) for some V ∈ X/↔R and no other component
of R intersecting T (W ) is connected with V . Since S(V ) ⊂ S(T (W )), we
get W ⊂ S(V ) and no other component intersecting with S(V ) is connected
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with W . Hence, f(V ) = W , a contradiction. Therefore, the map f is
surjective.

In particular, cardX/↔R = cardX ′/↔R′ . By above facts we get that for
each U, V ∈ X/↔R if U ≤R V , then f(U) ≤R′ f(V ). This proves that f
maps ≤R to ≤R′ . �

Corollary 6.32. Isomorphic objects in Szym(FRel) have the same number
of components with the same periods.

Proof: Since for each object in Endo(FRel) we can find an object in
canonical form (see Theorem 6.27) isomorphic to the given one in Szym(FRel),
the composition of isomorphisms in Szym(FRel) is an isomorphism between
canonical forms. The conclusion comes from Lemmas 6.31 and 6.30. �

Corollary 6.33. Let (X,R), (X ′, R′) ∈ Endo(FRel) be in canonical form
and let [S, α] : (X,R) → (X ′, R′) be an isomorphism in Szym(FRel). As-
sume that f : X/↔R → X ′/↔R′ is a bijection given by Lemma 6.31. Then
for each x ∈ X the restriction S|[x]R×f([x]R) is a bijection.

Proof: By Lemma 6.30, f([x]R) ⊂ S([x]R) and the components [x]R and
f([x]R) have the same periods. The relations R and R′ restricted to these
components respectively are bijections. Hence, card[x]R = card f([x]R).

We will prove that S|[x]R×f([x]R) is a map. Let [T, β] : (X ′, R′) → (X,R)
be an inverse isomorphism to [S, α]. Suppose that there exists x ∈ X such
that cardS|[x]R×f([x]R)(x) > 1 and pick y ∈ S|[x]R×f([x]R)(x). Then for each
x′ ∈ [x]R we have cardS|[x]R×f([x]R)(x

′) > 1. Let t ∈ T (y) such that t ∈ [x]R.
Then S(t) ⊂ S(T (y)) and y′, z′ ∈ S(t), y′ 6= z′ and y′, z′ ∈ [y]R′ . There are
y′′ 6= z′′ such that y′′, z′′ ∈ [y]R′ and

y′′, z′′ ∈ R′k(S(t)) ⊂ R′k(S(T (y))) = R′k+α+β(y)

for some k ∈ N. This yields y′′ = z′′, a contradiction.
Since card[x]R = card f([x]R), the map S|[x]R×f([x]R) is a bijection. �

Lemma 6.34. Let (X,R), (X ′, R′) ∈ Endo(FRel) be in canonical form and
let [S, α] : (X,R)→ (X ′, R′) be an isomorphism in Szym(FRel). Then for
each x ∈ X

R′ ◦ S|[x]R×f([x]R) = S|[x]R×f([x]R) ◦R.

Proof: Let p ∈ N1 be an eventual period of R. Let us take x′ ∈
R′(S|[x]R×f([x]R)(x)). By Corollary 6.33, there exist a y′ = S|[x]R×f([x]R)(x)
and x′ ∈ R′(y′). Consider [x′]R′ . By Lemma 6.30, there exists a z ∈ X
such that [z]R = f−1([x′]R′). Since S|[z]R×f([z]R) is a bijection, assume that
x′ = S|[z]R×f([z]R)(z).

We will show that z ∈ R(x). Notice that we have S|[z]R×f([z]R)(z) ∈
R′(S|[x]R×f([x]R)(x)) and

T (S|[z]R×f([z]R)(z)) ⊂ T (R′(S|[x]R×f([x]R)(x))) = R(T (S|[x]R×f([x]R)(x))).
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It follows that there is a t ∈ T (S|[z]R×f([z]R)(z)) such that t ∈ [z]R and

t ∈ R(T (S|[x]R×f([x]R)(x))). In particular, t ∈ R(T (S(x))), therefore Rk(t) ⊂
R(Rα+β+k(x)) for some k ∈ N. Let us take x̃ ∈ Rα+β+k(x) such that
x̃ ∈ [x]R. Since R = Rp+1, there exists a t̃ ∈ [z]R such that t̃ ∈ Rk(t) and
t̃ ∈ R(x̃).

Notice that x̄ ∈ T (S|[x]R×f([x]R)(x)) such that x̄ ∈ [x]R is uniquely de-
termined by x, because the restrictions of S and T to the components are
bijections. In consequence, x̃ = x̄.

Furthermore, t ∈ T (S|[z]R×f([z]R)(z)) such that t ∈ [z]R is also uniquely

determined by z. Let us take t̄ ∈ Rα+β+k(z) such that t̄ ∈ [z]R. Then
t̄ ∈ Rk(t) and t̄ = t̃.

Since t̃ ∈ Rk(t) and t̃ ∈ Rα+β+k(z), we get t ∈ Rα+β(z). To sum up, we
have x̃ ∈ Rα+β+k(x), t̃ ∈ R(x̃) and z ∈ Rmp−α−β−k(t̃) for mp > α + β + k
and m ∈ N1. Combining these we get

z ∈ Rmp−α−β−k(R(Rα+β+k(x))),

which means that z ∈ Rmp+1(x). Hence, z ∈ R(x).
Since x′ = S|[z]R×f([z]R)(z) and z ∈ R(x), we have R′ ◦ S|[x]R×f([x]R) ⊂

S|[x]R×f([x]R) ◦R. The proof of the opposite inclusion is analogous. �

Lemma 6.35. Let (X,R) ∈ Endo(FRel) be in canonical form. Then for
any n ∈ N1 and for each x ∈ X

R ◦R|n[x]R
= R|n[x]R

◦R.

Proof: Let y ∈ R(R|[x]R(x)). There exists a z = R|[x]R(x) such that
y ∈ R(z). There exists a z′ ∈ [y]R such that y ∈ R(z′) and y = R|[y]R(z′).

We have y ∈ R2(x) and z′ ∈ Rp−1(y), where p is an eventual period of R.
Thus, z′ ∈ Rp−1(y) ⊂ Rp+1(x) = R(x). Hence, z′ ∈ R(x) and R ◦ R|[x]R ⊂
R|[x]R ◦R. The proof of the opposite inclusion is analogous.

Now assume that R ◦R|n[x]R
= R|n[x]R

◦R. We have

R◦R|n+1
[x]R

= R◦R|n[x]R
◦R|[x]R = R|n[x]R

◦R◦R|[x]R = R|n[x]R
◦R|[x]R◦R = R|n+1

[x]R
◦R.

This completes the proof. �

Theorem 6.36 (Theorem 2.2). Let (X,R), (X ′, R′) ∈ Endo(FRel) be in
canonical form. The objects (X,R) and (X ′, R′) are isomorphic in Szym(FRel)
if and only if (X,R) and (X ′, R′) are isomorphic in Endo(FRel).

Proof: Let [S, α] : (X,R) → (X ′, R′) and [T, β] : (X ′, R′) → (X,R) be
mutually inverse isomorphisms in Szym(FRel) and let t ∈ N1 be such that
T ◦ S ◦ Rt = Rα+β+t. Let us define morphisms U : (X,R) → (X ′, R′) and
V : (X ′, R′)→ (X,R) in Endo(FRel) by

U(x) := S|[x]R×f([x]R)(R|
mp−α−t
[x]R

(x)),

V (x′) := T |[x′]R′×f−1([x′]R′ )
(R′|mp−β[x′]R′

(x′)),



34 MATEUSZ PRZYBYLSKI, MARIAN MROZEK, AND JIM WISEMAN

where p ∈ N1 is an eventual period of R, mp > α+ β + t for some m ∈ N1,
f−1 is the inverse of bijection from Lemma 6.31 and x ∈ X, x′ ∈ X ′. We
claim that U and V are mutually inverse isomorphisms in Endo(FRel).

By Corollary 6.33, both U and V are bijections. Using Lemma 6.34 one
can prove that V (U(x)) = R|p[x]R

(x). By Theorem 6.22, we have R|p[x]R
(x) =

[x]∼R and card[x]∼R = 1 because (X,R) is in canonical form. Therefore,
V (U(x)) = R|p[x]R

(x) = idX(x). Similarly, one proves that U(V (x′)) =

idx′(x
′).

Equalities R′ ◦ U = U ◦R and V ◦R′ = R ◦ V easily come from Lemmas
6.34 and 6.35.

Now let F : (X,R) → (X ′, R′) and G : (X ′, R′) → (X,R) be mutually
inverse isomorphisms in Endo(FRel). This means that F ◦ G = idX′ and
G ◦ F = idX . Moreover, F ◦ R = R′ ◦ F and G ◦ R′ = R ◦ G. Consider
the morphisms [F, p] : (X,R) → (X ′, R′) and [G, p] : (X ′, R′) → (X,R) in
Szym(FRel). Using the facts above one can easily check that [F ◦G, 2p] =
[idX′ , 0] and [G ◦ F, 2p] = [idX , 0]. �

6.2. Classifying graphs. Let (X,R) ∈ Endo(FRel) be in canonical form.
Define the map l[x]R : [x]R × [x]R → N on connected components of R such
that

l[x]R(x′, x′′) := m mod q[x]R , if x′′ ∈ R|m[x]R
(x′),

where q[x]R is the period of R|[x]R . Since the restriction R|[x]R is a bijection

and (R|[x]R)k = (R|[x]R)k+q[x]R holds for k ∈ N1, the maps l[x]R are well-
defined for each component [x]R of R.

Let [x]R and [y]R be components of R and let q[x]R and q[y]R be the periods

of R|[x]R and R|[y]R , respectively. Define the relation ∼[x]R[y]R⊂ ([x]R×[y]R)2

such that for (x′, y′), (x′′, y′′) ∈ [x]R × [y]R we have

(31)
(x′, y′) ∼[x]R[y]R (x′′, y′′) :⇔

l[x]R(x′, x′′) = l[y]R(y′, y′′) mod gcd(q[x]R , q[y]R).

Proposition 6.37. The relation ∼[x̃]R[ỹ]R on [x̃]R × [ỹ]R is an equivalence
relation for all components [x̃]R 6= [ỹ]R of R.

Proof: Reflexivity of ∼[x̃]R[ỹ]R is obvious. Let (x, y) ∼[x̃]R[ỹ]R (x′, y′).
Then l[x̃]R(x′, x) = q[x̃]R − l[x̃]R(x, x′) and l[ỹ]R(y′, y) = q[ỹ]R − l[ỹ]R(y, y′).
Since q[x̃]R = q[ỹ]R = 0 mod gcd(q[x̃]R , q[ỹ]R) and l[x̃]R(x, x′) = l[ỹ]R(y, y′)
mod gcd(q[x̃]R , q[ỹ]R), we get (x′, y′) ∼[x̃]R[ỹ]R (x, y). Hence, ∼[x̃]R[ỹ]R is sym-
metric.

In order to prove transitivity of ∼[x̃]R[ỹ]R let (x, y) ∼[x̃]R[ỹ]R (x′, y′) and
(x′, y′) ∼[x̃]R[ỹ]R (x′′, y′′). Since l[x̃]R(x, x′) = l[ỹ]R(y, y′) mod gcd(q[x̃]R , q[ỹ]R)
and l[x̃]R(x′, x′′) = l[ỹ]R(y′, y′′) mod gcd(q[x̃]R , q[ỹ]R), also

l[x̃]R(x, x′) + l[x̃]R(x′, x′′) = l[ỹ]R(y, y′) + l[ỹ]R(y′, y′′) mod gcd(q[x̃]R , q[ỹ]R).

It follows that l[x̃]R(x, x′′) = l[ỹ]R(y, y′′) mod gcd(q[x̃]R , q[ỹ]R) and in conse-
quence (x, y) ∼[x̃]R[ỹ]R (x′′, y′′). �
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Note that ∼[x]R[y]R gives a partition of [x]R × [y]R into gcd(q[x]R , q[y]R)
equivalence classes. Let (X,R), (X ′, R′) ∈ Endo(FRel) be in canonical
form and [S, α] : (X,R) → (X ′, R′) be an isomorphism between the ob-
jects in Szym(FRel). If f([x]R) ⊂ S([x]R) and f([y]R) ⊂ S([y]R) are
components of R′ from Lemma 6.30, where f is the bijection from Lemma
6.31, then ∼f([x]R)f([y]R) on f([x]R)× f([y]R) also defines the partition into
gcd(q[x]R , q[y]R) number of equivalence classes.

For (X,R) in canonical form define the number of connections between
components [x]R and [y]R of R as
(32)

l[x]R[y]R(R) :=
card{[(x′, y′)]∼[x]R[y]R

∈ [x]R × [y]R/∼[x]R[y]R
| (x′, y′) ∈ R|[x]R×[y]R}.

This number determines how many equivalence classes of ∼[x]R[y]R are real-
ized by connections between [x]R and [y]R components of R. The following
proposition holds.

Proposition 6.38. Let (X,R), (X ′, R′) ∈ Endo(FRel) be in canonical
form. If the objects are isomorphic in Szym(FRel) and f is the bijec-
tion between components of R and R′ from Lemma 6.31, then l[x]R[y]R(R) =
lf([x]R)f([y]R)(R

′).

Proof: Let [S, α] : (X,R) → (X ′, R′) and [T, β] : (X ′, R′) → (X,R) be
mutually inverse isomorphisms. Consider components [x]R and [y]R and
let q[x]R and q[y]R be the periods of R|[x]R and R|[y]R , respectively. Let
x̃ ∈ [x]R and e ∈ S(x̃) ∩ f([x]R). Take all e1, . . . , ek′ ∈ f([x]R) such that
[(e, el)]∼f([x]R)f([y]R)

6= [(e, em)]∼f([x]R)f([y]R)
for all l 6= m, l,m ∈ {1, . . . , k′}.

There exists a sequence s′1, . . . , s
′
k′ ∈ N1 such that el ∈ R′s

′
l(e) and s′l 6= s′m

mod gcd(q[x]R , q[y]R) for each l 6= m. In other words, lf([x]R),f([y]R)(R
′) = k′.

We have also T (el) ⊂ T (R′s
′
l(e)). Take xl ∈ T (el) ∩ [y]R for each l =

1, . . . , k′. Then there is t ∈ N such that for each xl we have xl ∈ Rt+α+β+s′l(x̃).
Since s′l 6= s′m mod gcd(q[x]R , q[y]R) for l 6= m, we get l[x]R[y]R(R) ≥ k′.

Assume to the contrary that there exist x1, x2 ∈ [y]R such that the classes
[(x̃, x1)]∼[x]R[y]R

6= [(x̃, x2)]∼[x]R[y]R
and for e′ ∈ S(x1) and e′′ ∈ S(x2) we

have [(e, e′)]∼f([x]R)f([y]R)
= [(e, e′′)]∼f([x]R)f([y]R)

. Then e′ ∈ R′s
′
(e), e′′ ∈

R′s
′′
(e) and s′ = s′′ mod gcd(q[x]R , q[y]R). Note that e′ ∈ R′s

′
(S(x̃)) and

e′′ ∈ R′s
′′
(S(x̃)), hence x1 ∈ T (e′) ⊂ Rt+α+β+s′(x̃) and x2 ∈ T (e′′) ⊂

Rt+α+β+s′′(x̃) for some t ∈ N. But s′ = s′′ mod gcd(q[x]R , q[y]R), so we get
[(x̃, x1)]∼[x]R[y]R

= [(x̃, x2)]∼[x]R[y]R
, a contradiction. Therefore, l[x]R[y]R(R) =

k′ = lf([x]R),f([y]R)(R
′). �

Let (X,R) ∈ Endo(FRel) and let (X̄, R̄) ∈ Endo(FRel) be in canonical
form such that the two objects are isomorphic in Szym(FRel) (see Theorem
6.27). We define a classifying graph k(R), that is a directed graph k(R) :=
(V,E) such that V := X̄/↔R̄

and E := {([x]R̄, [y]R̄) ∈ V ×V | l[x]R̄[y]R̄
(R̄) 6=
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0 and [x]R̄ 6= [y]R̄}. Vertices and edges of a classifying graph are labelled
by positive integers. For an [x]R̄ ∈ V we label it by lab([x]R̄) := q[x]R̄

,

where q[x]R̄
is the period of R̄|[x]R̄

and for an edge ([x]R̄, [y]R̄) ∈ E we label

it by lab([x]R̄, [y]R̄) := l[x]R̄[y]R̄
(R̄). Classifying graphs are invariants of

isomorphic objects in Szym(FRel).

Theorem 6.39. Isomorphic objects in Szym(FRel) have the same classi-
fying graphs up to graph isomorphism preserving labels of vertices and edges.

Proof: By Theorem 6.26, each object in Endo(FRel) is isomorphic in
Szym(FRel) to some object in canonical form. Composing corresponding
isomorphisms we get an isomorphism between canonical forms of the iso-
morphic objects. By Lemma 6.31, Corollary 6.32 and Proposition 6.38 we
get the proof. �

Consider as an example objects (X,R) and (X ′, R′) in canonical form
given by

R =


0 1 1 1
1 0 1 1
0 0 0 1
0 0 1 0

 and R′ =


0 1 1 0
1 0 0 1
0 0 0 1
0 0 1 0

 .

Both relations R and R′ are pretty similar. They have two components with
period both equal to 2. One component is connected with the other. Assume
that the first component in both relations is the set {1, 2} =: [1]R =: [1]R′
and the second is the set {3, 4} =: [3]R =: [3]R′ (numbers correspond to
row-column positions of ones in matrix representation of these relations).
We have l[1]R,[3]R(R) 6= 0 and l[1]R′ ,[3]R′

(R′) 6= 0. More precisely,

card([1]R × [3]R/∼[1]R,[3]R
) = card([1]R′ × [3]R′/∼[1]R′ ,[3]R′

) = gcd(2, 2) = 2.

By (31), we easily compute that l[1]R,[3]R(R) = 2 whereas l[1]R′ ,[3]R′
(R′) = 1.

By Theorem 6.39, we conclude that (X,R) and (X ′, R′) are not isomorphic
in Szym(FRel) (cf. Figure 6).

Unfortunately, the classifying graph as an invariant of isomorphic object
classes is not complete in sense that objects in Endo(FRel) having the same
classifying graphs up to graph isomorphism preserving labels of vertices and
edges are isomorphic in Szym(FRel). To see this, observe the example on
Figure 7. Both relations are in canonical form and have the same classifying
graphs but are neither isomorphic in Endo(FRel) nor Szym(FRel).

7. Final remarks

The classification that we obtained allows us to distinguish non-isomorphic
objects in Szym(FRel) in an effective way. The main computational as-
pects involve strongly connected component detection, finding the period
of a digraph component (the time complexity for both tasks is linear with
respect to the sum of vertices and edges of the digraph; see [9]) and com-
position of relations (Boolean matrix multiplication). But in order to put
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Figure 6. From left to right: relation R, classifying graph
k(R) of R, relation R′ and its classifying graph k(R′). The
numbers of the vertices marked on relations digraphs denote
the position in matrix representation of the relations. The
numbers marked on the classifying graphs denote the labels
of the vertices and the edges.

Figure 7. Two relations in canonical form with the same
classifying graph (on the right) not isomorphic in
Szym(FRel)

this result into direct application in dynamics we need to consider relations
with some algebraic structure, namely so-called linear relations. Recall, for
vector spaces X,Y over the field F a relation R ⊂ X × Y is called linear (or
additive; see [12]) if

(x1, y1) ∈ R, (x2, y2) ∈ R ⇒ (x1 + x2, y1 + y2) ∈ R,
(x1, y1) ∈ R ⇒ (ax1, ay1) ∈ R for each a ∈ F.

The sets with vector space structures with such relations constitute a cate-
gory denoted by LRel.

We focus on linear relations since a multivalued generator of a dynamical
system with non-acyclic values induces a linear relation. Such generators are
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common in sampled dynamics (see [1, 8]). Moreover, there are strong con-
nections between LRel and FRel. Therefore, we may use the Szym(FRel)
classification to understand Szym(LRel).

Notice that in general LRel is not a subcategory of the category of sets
and relations since a given set may have more than one vector space struc-
ture. But there is a forgetful functor which forgets the linear structure of
the space. Therefore, it is easy to check that if two objects equipped with
relations on finite vector spaces are isomorphic in Szym(LRel), then both
objects are also isomorphic in Szym(FRel). Thus, we may use the invariant
from Szym(FRel) as an invariant in Szym(LRel).

Consider the following example. Let (Z3, R) and (Z3, R
′) be objects of

Endo(LRel), where relations are defined in Z3 over Z3 with the standard
operations. The relations are given by

R := {(0, 0), (0, 1), (0, 2)} and R′ := {(0, 0), (1, 2), (2, 1)}.

One can easily check that both relations are linear. Notice that relation R
is multivalued. After applying a functor induced by the forgetful functor we
get two objects non-isomorphic in Szym(FRel), because their classifying
graphs are different (they have different numbers of components). Hence,
(Z3, R) and (Z3, R

′) are non-isomorphic in Szym(LRel).
In such a way we may use the classification of Szym(FRel) in under-

standing Szym(LRel). On the other hand, the assumptions of a linear
structure of relations is strong enough that it may significantly improve the
classification of Szym(LRel). For example, there are reasons to suppose
that for linear relations over fields of finite (nonzero) characteristics the gra-
dient structure of a relation between its components is no longer present
or is trivial. Moreover, the stronger conditions imply that there are fewer
morphisms in Szym(LRel), so it is possible that the identification of two
objects is not as common as in Szym(FRel). Addressing these observa-
tions is beyond the scope of this paper and is a part of further research. We
suppose that Szymczak’s ideas may lead to the development of a Conley-
index-type tool, enabling us to obtain dynamical information for systems
reconstructed from data.
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